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Abstract

Fix a > 0, then by Fejér’s theorem (a(logn)” mod 1), >1 is uniformly distributed if and only if
A > 1. We sharpen this by showing that all correlation functions, and hence the gap distribution,
are Poissonian provided A > 1. This is the first example of a deterministic sequence modulo one
whose gap distribution, and all of whose correlations are proven to be Poissonian. The range of
A is optimal and complements a result of Marklof and Strémbergsson who found the limiting gap
distribution of (log(n)mod 1), which is necessarily not Poissonian.

1 Introduction

A sequence (z(n))p>1 C [0,1) is uniformly distributed modulo 1 if the proportion of points in any
subinterval I C [0,1) converges to the size of the interval: #{n < N: z(n) € I} ~ N|I|, as N — co. The
theory of uniform distribution dates back to 1916, to a seminal paper of Weyl [Wey16], and constitutes
a simple test of pseudo-randomness. A well-known result of Fejér, see [KN74, p. 13], implies that for
any A > 1 and any « > 0 the sequence

(a(log n)A mod 1),>0

is uniformly distributed. While for A = 1, the sequence is not uniformly distributed. In this paper, we
study stronger, local tests for pseudo-randomness for this sequence.
Given an increasing R-valued sequence, (w(n)) = (w(n))n>0 We denote the sequence modulo 1 by

z(n) := w(n) mod 1.

Further, let upn(n) C [0,1) denote the ordered sequence, thus uy (1) <upn(2) <--- <uy(N). With that,
we define the gap distribution of (z(n)) as the limiting distribution (if it exists): for s > 0
#{n < N : N|un(n) —un(n+1)| < s}

P(s):= 1l
(S) Nl—r>noo N
where || - || denotes the distance to the nearest integer, and uy (N + 1) = un(1). Thus P(s) represents

the limiting proportion of (scaled) gaps between (spatially) neighboring elements in the sequence which
are less than s. We say a sequence has Poissonian gap distribution if P(s) = e~ the expected value
for a uniformly distributed sequence on the unit interval.
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Figure 1: From left to right: the histograms represent the gap distribution at time N of (logn)p>1,
((logn)?)n0, and ((logn)3),>0 when N = 10° and the curve is the graph of z — e~®. Note that (logn)
is not even uniformly distributed, and thus the gap distribution cannot be Poissonian.



Our main theorem is the following

Theorem 1. Let w(n) := a(logn)? for A>1 and any o > 0, then z(n) has Poissonian gap distribution.

In fact, this theorem follows (via the method of moments) from Theorem 2 (below) which states
that for every m > 2 the m-point correlation function of this sequence is Poissonian. By which we mean
the following: Let m > 2 be an integer, and let f € CS°(R™™!) be a compactly supported function
which can be thought of as a stand-in for the characteristic function of a Cartesian product of compact
intervals in R™ 1. Let [N]:={1,..., N} and define the m-point correlation of (z(n)), at time N, to be

R™(N, f) ==% > FWla(m) = z(n2), Nllz(nz) — z(n3)ll, -, Nl|z(nm—1) — z(nm)]), (1.1)
ne[N]™

*

where Z denotes a sum over distinct m-tuples. Thus the m-point correlation measures how correlated
points are on the scale of the average gap between neighboring points (which is N=1). We say (z(n))
has Poissonian m-point correlation if
lim RU(N, f) = / f(x)dx =: E(f) forany f € C°(R™ ). (1.2)
N —o00 Rm—1

That is, if the m-point correlation converges to the expected value if the sequence was uniformly
distributed on the unit interval.

Theorem 2. Let w(n) := a(logn)? for A > 1 and any a > 0, then z(n) has Poissonian m-level
correlations for all m > 2.

It should be noted that Theorem 2 is far stronger than Theorem 1. In addition to the gap dis-
tribution, Theorem 2 allows us to recover a wide-variety of statistics such as the i*" nearest neighbor
distribution for any i > 1.

Previous Work: The study of uniform distribution and fine-scale local statistics of sequences
modulo 1 has a long history which we outlined in more detail in a previous paper [LST21]. If we
consider the sequence (an’ mod 1)p>1, there have been many attempts to understand the local statistics,
in particular the pair correlation (when m = 2). Here it is known that for any 6 # 1, then, if « belongs to
a set of full measure, the pair correlation function is Poissonian [RS98, AEBM21, RT22]. However there
are very few explicit (i.e. non-metric) results. When 6 = 2 Heath-Brown [HB10] gave an algorithmic
construction of certain « for which the pair correlation is Poissonian, however this construction did not
give an exact number. When 6 = 1/2 and o? € Q the problem lends itself to tools from homogeneous
dynamics. This was exploited by Elkies and McMullen [EM04] who showed that the gap distribution
is not Poissonian, and by El-Baz, Marklof, Vinogradov [EBMV15] who showed that the sequence
(an/? mod Dpen\o where O denotes the set of squares, does have Poissonian pair correlation.

With these sparse exceptions, the only explicit results occur when the exponent 6 is small. If
6 < 14/41 the authors and Sourmelidis [LST21] showed that the pair correlation function is Poissonian
for all values of a > 0. This was later extended by the authors [LT21] to show that these monomial
sequences exhibit Poissonian m-point correlations (for m > 3) for any « > 0 if 6 < 1/(m? +m —1). To
the best of our knowledge the former is the only explicit result proving Poissonian pair correlations for
sequences modulo 1, and the latter result is the only result proving convergence of the higher order
correlations to any limit.

The authors’ previous work motivates the natural question: what about sequences which grow
slower than any power of n? It is natural to hypothesize that such sequences might exhibit Poissonian
m-point correlations for all m. However, there is a constraint, Marklof and Strémbergsson [MS13] have
shown that the gap distribution of ((logn)/(logb) mod 1),,>1 exists for b > 1, and is not Poissonian (thus
the correlations cannot all be Poissonian). However, they also showed, that in the limit as b tends to 1,
this limiting distribution converges to the Poissonian distribution (see [MS13, (74)]). Thus, the natural
quesstion becomes: what can be said about sequences growing faster than log(n) but slower than any
power of n?

With that context in mind, our result has several implications. First, it provides the only example at
present of an explicit sequence whose m-point correlations can be shown to converge to the Poissonian
limit (and thus whose gap distribution is Poissonian). Second, it answers the natural question implied
by our previous work on monomial sequences. Finally, it answers the natural question implied by
Marklof and Strombergsson’s result on logarithmic sequences.



1.1 Plan of Paper

The proof of Theorem 2 follows the same broad lines as the proof in [LT21], however, in that context we
could be satisfied with power savings. In the present context we need to work much harder to achieve
logarithmic savings. Moreover many of the technical details cannot be imported from that paper since
our sequence is no longer polynomial.

In the remainder we take a = 1, the same exact proof applies to general . We again argue in
roughly three steps: first, fix m > 2 and assume the sequence has Poissonian j-point correlation for
2<j<m.

[Step 1] Remove the distinctness condition in the m-point correlation by relating the completed correlation
to the m'" moment of a random variable. This will add a new frequency variable, with the benefit
of decorrelating the sequence elements. Then we perform a Fourier decomposition of this moment
and using a combinatorial argument from [LT21, §3], we reduce the problem of convergence for
the moment to convergence of one particular term to an explicit ‘target’.

[Step 2] Using various partitions of unity we further reduce the problem to an asymptotic evaluation of
the L™ ([0, 1])-norm of a two dimensional exponential sum. Then we apply van der Corput’s B-
process in each of these variables. If we stop here and apply the triangle inequality the resulting
error term is of size O((log N)A+1)m),

[Step 3] Finally we expand the L™([0,1])-norm giving an oscillatory integral. Then using a localized
version of Van der Corput’s lemma we can achieve an extra saving to bound the error term by
o(1). Whereas, in [LT21] we could use classical theorems from linear algebra to justify applying
this lemma, in the present context we rely on recent work of Khare and Tao [KT21] involving
generalized Vandermonde matrices.

Notation: Throughout, we use the usual Bachmann—Landau notation: for functions f,g: X — R,
defined on some set X, we write f < g (or f = O(g)) to denote that there exists a constant C' > 0 such
that |f(x)| < Clg(x)| for all z € X. Moreover let f < g denote f < g and g < f, and let f = o(g) denote

that £&) 0.
g(z)

Given a Schwartz function f: R™ — R, let f denote the m-dimensional Fourier transform:
flk) = (x)e(—x - k)dx, for k € Z™.
an
Here, and throughout we let e(z) := €272,
All of the sums which appear range over integers, in the indicated interval. We will frequently be
taking sums over multiple variables, thus if u is an m-dimensional vector, for brevity, we write

> Fk)= > > F(k).

ke([f(u),g(u)) k1€[f(u1),9(u1)) Em €[f (wm),g(um))

Moreover, all LP norms are taken with respect to Lebesgue measure, we often do not include the domain
when it is obvious. Let

7* =17\ {0}.

For ease of notation, ¢ > 0 may vary from line to line by a bounded constant.

2 Preliminaries

The following stationary phase principle is derived from the work of Blomer, Khan and Young [BKY13,
Proposition 8.2]. In application we will not make use of the full asymptotic expansion, but this will
give us a particularly good error term which is essential to our argument.

Proposition 3. [Stationary phase expansion] Let w € CS° be supported in a compact interval J of
length Q. > 0 so that there exists an Ay > 0 for which

w?) (z) <, AwQ;j

for all 5 € N. Suppose v is a smooth function on J so that there exists a unique critical point xo with
Y (wg) = 0. Suppose there exist values Ay, > 0 and Qy > 0 such that

W (x) > Ay Q7 PV (@) <5 Ayy?



for all j > 2. Moreover, let § € (0,1/10), and Z := Qu + Qy + Aw + Ay + 1. If
)
Q22
36
Ap>2%  and  Qy > Alﬁ/Q (2.1)
¥

hold, then

has the asymptotic expansion

e(¥(xo)) —c
[ = ==L (zo) + O A
aeD] OSJ%;C/&P;( 0) +Oc,s( )

for any fized C € Z>1; here

n!

pn(z0) := e(1/8) (L)nG@n)(xo)

where
Gl@) = w(@)e(HE),  H(@) = (@) - $(wo) — 38" (@)@ — 70)*.
In a slightly simpler form we have:

Lemma 4 (First order stationary phase). Let v and w be smooth, real valued functions defined on a
compact interval [a,b]. Let ¢(a) = 4(b) = 0. Suppose there exists constants Ay, Quw,Qy > 3 so that

. A ) A
P @) < 2L w @)« = and @ (2) > =2 (2.2)
), Q, Q3

forall j=0,...,4 and all z € [a,b]. If ¢ (z0) = 0 for a unique o € [a,b], and if »? (z) > 0, then

' _e¥(@o) +1/8) L
[ w@etv@) ax = e "0 e |

provided Q, /Quw < log Q. If instead 3 (x) < 0 on [a,b] then the same equation holds with e(y(x0)+1/8)
replaced by e(y(xo) — 1/8).
Moreover, we also need the following version of van der Corput’s lemma ([Ste93, Ch. VIII, Prop. 2]).

Lemma 5 (van der Corput’s lemma). Let [a,b] be a compact interval. Let ¥, w : [a,b] — R be smooth
functions. Assume 1" does not change sign on [a,b] and that for some j > 1 and A > 0 the bound

[0 ()] > A
holds for all x € [a,b]. Then
b b iy
/ e(¥(z))w(z)dr < (\w(b)| +/ |w (m)\dm)A J

where the implied constant depends only on j.

Generalized Vandermonde matrices: One of the primary difficulties which we will encounter
in Section 6 is the fact that taking derivatives of exponentials (which arise as the inverse of the log’s
defining our sequence) increases in complexity as we take derivatives. To handle this we appeal to
a recent result of Khare and Tao [KT21] which requires some notational set-up. Given an M-tuple
ueRM let

V= [ (u—w)

1<i<j<M

denote the Vandermonde determinant. Furthermore given two tuples u and n we define

ni no nm
Uy Uy )
upgt uy? o ugM

n, __ _ni M on  _

u® ="t uyyt, and u™ = ] ) . ) ,
ni no nn
Upr  Upf o o-ee Upg

the latter being a generalized Vandermonde matrix. Finally let npy;, := (0,1,..., M —1). Then Khare
and Tao established the following



Lemma 6 ([KT21, Lemma 5.3]). Let K be a compact subset of the cone
{(nl,...,njw) GRM tny < e <7’L1\4},

Then there exist constants C,c > 0 such that
cV(w)yu i < det(u’™) < OV (u)u™ e (2.3)

for all u € (0,00)M with uy < -+ <wupr and alln € K.

3 Combinatorial Completion

The proof of Theorem 2 follows an inductive argument. Thus, fix m > 2 and assume (z(n)) has j-point
correlations for all j < m. Let f be a C°°( ) function, and define

Sy (s, = > > f(Nw(n)+k+s)).

ne[N]kEZ

Note that if f was the indicator function of an interval I, then Sy would count the number of points
in (zn)n<ny which land in the shifted interval I/N + s/N. Now consider the m!-moment of Sy, then
one can show that (see [LT21, §3])

M(m) / SN Mds

/ S ST (PN (@) + k14 5)) - SN @(m) + ko + 5))) ds (3.1)

ne[N]|m kezZm

Z > F(N(w(ni) —w(ng) + k1), ... N(w(m—1) — w(nm) + km—1)),

nE[N Jm kezm—1
where

F(z1,22,...,2m—1) i= /Rf(s)f(zl +zo+tzmo1+8)f(z2+ -+ zm—1+8) - f(zm_1+s) ds.
As such we can relate the m!” moment of Sy to the m-point correlation of F. Note that since f has
compact support, F has compact support. To recover the m-point correlation in full generality, we
replace the moment [ Sy(s, f)™ds with the mixed moment [ ], Sx(s, fi)ds for some collection of
fi : R — R. The below proof can be applied in this generality, however for ease of notation we only
explain the details in the former case.

In fact, we can use an argument from [Mar03, §8] to show that it is sufficient to prove convergence
for functions f such that the support of f is in C2°(R). While this implies that the support of f is
unbounded, the same argument, together with the decay of Fourier coefficients, applies and we reach
the same conclusion about F. In the following proof, the support of f does not play a crucial role.
Increasing the support of f increases the range of the k variable by a constant multiple. But fortunately
in the end we will achieve a very small power saving, so the constant multiple will not ruin the result.
To avoid carrying a constant through we assume the support of f is contained in (—1,1).

3.1 Combinatorial Target

We will need the following combinatorial definitions to explain how to prove convergence of the m-
point correlation from (3.1). Given a partition P of [m], we say that j € [m] is isolated if j belongs to a
partition element of size 1. A partition is called non-isolating if no element is isolated (and otherwise
we say it is isolating). For our example P = {{1,3},{4},{2,5,6}} we have that 4 is isolated, and thus P
is isolating.

Now consider the right hand side of (3.1), applying Poisson summation to each of the k; sums gives

us
M (N Nm/ >y f(—) (k- w(n) + k- 1s)ds, (3.2)

ne[N]m kezZm

where w(n) := (w(ny),w(n2),...,wnm)).
In [LT21, §3] we showed that, if

Nm/ )OI f(> w(n) + k- 1s)ds,

ne[N|™ ke(Z™)



then for fixed m, and assuming the inductive hypothesis, Theorem 2 reduces to the following lemma.

Lemma 7. Let 2y, denote the set of non-isolating partitions of [m]. We have that

Nh_l;ﬂoog(N): Z E(le\)...E(flPd\)_ (3.3)

PEPm

where the partition P = (P1, Pa, ..., Py), and |P;| is the size of P;.

3.2 Dyadic Decomposition

It is convenient to decompose the sums over n and k into dyadic ranges in a smooth manner. Given
N, we let Q > 1 be the unique integer with e? < N < ¢9*!. Now, we describe a smooth partition of
unity which approximates the indicator function of [1, N]. Strictly speaking, these partitions depend
on @, however we suppress it from the notation. Furthermore, since we want asymptotics of £(N), we
need to take a bit of care at the right end point of [1, N], and so a tighter than dyadic decomposition
is needed. Let us make this precise. For 0 < ¢ < Q we let 91, : R — [0, 1] denote a smooth function for
which

supp(My) C [e/2,2e9)

and such that Mg(z) + Ngr1(z) = 1 for = between e /2 and 2¢?. Now for ¢ > Q we let 91, form a
smooth partition of unity for which

zQilm() {1 if 1 <2 <e? 4
q(T) = . N , an
= 0 ife<1/20ra>N+ 20k
EQ eQ EQ €Q
supp(MNy) C 5 1 (q— Q)E7 9 +(B+qg-— Q)@ :
Let || - |[oo denote the sup norm of a function f : R — R. We impose the following condition on the
derivatives:
. —aqj f <
19§ loo < {e o, orase (3.4)
(e¥/Q)™7  for Q <yq,
for j > 1. For technical reasons, assume ‘)”tgl) changes sign only once. Thus
1 12Q*1 k m
E(N) < /O (ﬁ S S ) 7 (N) e(kw(n) + ks)) ds. (3.5)
q=0 ncZ k0

A similar lower bound can also be achieved by omitting some terms from the partition.

We similarly decompose the k sums, although thanks to the compact support of f we do not need
to worry about k > N. Let &, : R — [0,1] be a smooth function such that, for U := [log N
o {1 if [k| € [1,N)

> Rulk) =1
w—u 0 if |kl <1/2 or |k| > 2N,

and the symmetry &_, (k) = f.(—k) holds true for all u,k > 0. Additionally

supp(Ru) = [e"/Q, 2¢e") ifu>0, and
189 oo < 71419, for all j > 1.

As for Mg, we also assume ﬁq(}) changes sign exactly once.

Therefore a central role is played by the smoothed exponential sums

1 ~ k
Eqauls) =5 D ﬁu(k)f(ﬁ)e(ks) 3" Ny(n)e(kw(n)). (3.6)
kEZ nez
Notice that (3.5) and the compact support of f imply
U 2Q-1 m
ENY < || Y D> Equ :
u=—U =0 L™(R)



Now write
2Q0-1 U

Nm Z Z Z Ru (k)Ng(n /f(%)e(kW(n)%—k-ls)ds,

q=0 u=-U k,nezZ™

where Ng(n) := Ng, (n1)Ng (n2) - - Ny, (nm) and Ku (k) := Ky, (k1) Ruy (k2) - - - Ru,, (km). Our goal will be
to establish that F(N) is equal to the right hand side of (3.3) up to a o(1) term. Then, since we can
establish the same asymptotic for the lower bound, we may conclude the asymptotic for £(N). Since
the details are identical, we will only focus on F(N).

Fixing q and u, we let

1 ~
fq,u(N):L/O 3 ’ﬁq(n)ﬁu(k)f(%)e(k-w(n)+k~ls)ds.

Remark. In the proceeding sections, we will fix q and u. Because of the way we have defined 91,4, this
implies two cases: ¢ < Q and ¢ > Q. The only real difference in these two cases are the bounds in (3.4),
which differ by a factor of Q =log(XN). To keep the notation simple, we will assume we have ¢ < Q and
work with the first bound. In practice the logarithmic correction does not affect any of the results or
proofs.

4 Applying the B-process

4.1 Degenerate Regimes
Fix 6 = ﬁ We say (¢q,u) € [2Q] x [-U, U] is degenerate if either one of the following holds
lul < ", or ¢ < 6Q.

Otherwise (q,u) is called non-degenerate. Let 4(N) denote the set of all non-degenerate pairs (¢, ). In
this section it is enough to suppose that u > 0 (and therefore k > 0). Next, we show that degenerate
(g, u) contribute a negligible amount to F(V).

First, assume ¢ < Q. Expanding the m!*-power, evaluating the s-integral and trivial estimation
yield

1EqullPon < ~——#{k1,. . km < € 1 ki + - 4k = O}JN™® <« N1,

Nm

If u < ¢““~1/2 and ¢ > 6Q, then the Kusmin-Landau estimate (see [IK04, Corollary 8.11]) implies

el

> Na(melo(n) < 5
nez
and hence
1 el 1 et
I€gulloe < kz e O
et
Note
q Q _q Q/2 g Q q Q Q
271 <</ 571 dq:/ 571 dq+/ 271 o j 1/ Ydg < 371
=51 1 q 1 g Q/2 4 Q Q/2 Q
Thus,
@
S S a<x S ¥ Sithersn X sk
0Q<q<Q u<qgA-1)/2 a<Q u<g(A-1)/2 kxen u<QA-1)/2

Taking the L™-norm then yields:
m

< log(N)™7,
Lm

2 Eq

(W) €2QIX[-U,UNZ(N)

for some p > 0. Hence the triangle inequality implies

D Eau

(u,q)€9(N)

F(N) = "L O(N™P). (4.1)

Lm




Next, to dismiss the degenerate regimes, let w, W denote strictly positive numbers satisfying w < W.

Consider
9w, w (z) := min 71 —1
w ' waH’ w)’

here ||-|| denotes the distance to the nearest integer. We shall need (as in [LT21, Proof of Lemma 4.1]):
Lemma 8. If W < 1/10, then

S guwk) < (e“ + %) log (1/W)

ev<|k|<ewtl
where the implied constant is absolute.

Proof. The proof is elementary, hence we only sketch the main idea. If ¢“w < 1 then we achieve the
bound 2 log(1/W), and otherwise we get the bound e“log(1/W). Focusing on the latter, first make a

case distinction between those x which contribute m and those that contribute % Then count how
many contribute the latter. For the former, since the spacing between consecutive points is small, we
can convert the sum into e"w many integrals of the form - vlv/ ;I”U L.

O

With the previous lemma at hand, we can show that an additional degenerate regime is negligible.
Specifically, when we apply the B-process, the first step is to apply Poisson summation. Depending on
the new summation variable there may, or may not, be a stationary point. The following lemma allows
us to dismiss the contribution when there is no stationary point. Fix k < € and let [a, b] := supp(9y).
Consider

Err(k) := Z /Re(@r(m))‘ﬁq(x)dx
mg(m)>0

where
Dy (2) := kw(z) — ra, mg(r) == min |®r(z)|.

z€Ja,b]

Our next aim is to show that the smooth exponential sum
~k
Erry(s) = 3 e(ks)Err(k)Ru (k) f(N)
kEZ

is small on average over s:

Lemma 9. Fiz any constant C > 0, then the bound

1 m
Iv = / H Erry, (s)ds < Q_Cva (4.2)
0 =1

holds uniformly in Q% <u<kQ.

Proof. Let Ly denote the truncated sub-lattice of Z™ defined by gathering all k € Z™ so that ky +...+
km =0 and |k;| < e for all i < m. The quantity Ly arises from

Ln= > ((H Err(ki)ﬁu(ki)}?(i;)> /01 6((k1+.,.+km)s)ds> < > (H Err(ki)) (4.3)

|ki|=<ev i<m keLy Mi<m
i<m
Partial integration, and the dyadic decomposition allow one to show that the contribution of |r| > Q@)
to Err(k;) can be bounded by O(Q~%) for any C > 0. Hence, from van der Corput’s lemma (Lemma, 5)
with j = 2 and the assumption mq(r) > 0, we infer

T O(l)min 1 1 = O(l)min 1 1
Brr(k) < @ (”kw/(a)w(kwu(a))m) @ (ukw'(am’(kwl/(a»lﬂ)

where the implied constant is absolute. Notice that «’(a) < ¢*~1

kw”(a) - (euf2qqA71)1/2 —W.

e 9 =:w, and

Thus Err(k) < gu.w (k)QPW. Using Err(k;) < gu.w (ki)QPW for i < m and Err(kn) < QOM /W in (4.3)
produces the estimate
o(1)

QW (H gw,W(ki)) = Q;/(l) ( >

|ki|=<ew M<m |k|=<ev
i<m

Iy <

m—1
gw,W(k)) . (44)



Suppose W > N™¢, then g, w (k) < N and we obtain that
Iy < QO(l)Nameul-ﬁ—m-ﬁ—um,l < Nm—1+5m < Q_CNm.
Now suppose W < N7° < 1/10. Then Lemma 8 is applicable and yields
Z guww (k) < (e* +1/w)log (1/W) < (e + ¢%) log (1/W) < NQ.
[k|=
Plugging this into (4.4) and using 1/W < €2~ %/2¢(1=4)/2 « Ne™% shows that

y(NQ)™ !
W

Ia < QOU < QM (NQ)™e

Because u > Q%, we certainly have e™% < Q~¢ for any C > 0 and thus the proof is complete.

4.2 First application of the B-Process

First, following the lead set out in [LST21] we apply the B-process in the n-variable. Assume without
loss of generality that &k > 0 (if k¥ < 0 we take complex conjugates and the w.l.o.g. assumption that f
is even).

Given r € Z, let xy,, denote the stationary point of the function kw(x) — rx, thus:

Tpp 1= W (%) ;

where &(z) := (w')"!(z), the inverse of the derivative of w. This is well defined as long as z > e
(the inflection point of w) which is satisfied in the non-degenerate regime. Then, after applying the
B-process, the phase will be transformed to

ok, 1) == kw (T 1) — T2T) -
With that, the next lemma states that £, is well-approximated by

&) = U S a0 F(£) etk 0% s Pl c(ai ) (4.5)

1
k>0 ko (ki

A—-1

Proposition 10. If u > Q=12 then
Eq = EGNTm < Q710 (4.6)
uniformly for all non-degenerate (u,q) € 4(N).
Proof. Let [a,b] := supp(MNy), let @,(z) := kw(z) — rz, and let m(r) := min{|®7.(z)| : « € [a,b]}. As usual
when applying the B-process we first apply Poisson summation and integration by parts:
S g(melhio) = 3 [ My(wel® @)z = M) + (),
nek rez” ~
where M (k) gathers the contributions when r € Z with m(r) = 0 (i.e with a stationary point) and Err(k)
gathers the contribution of 0 < m(r).
In the notation of Lemma 4, let w(z) := Ny(z), Ay = w(e)e" = ¢?e”, and Qy = Qu = e?. Since
(u, q) is non-degenerate we have that A, /Qy > q7 and hence

Ny (@, < AL/24+0() *1)
=e(—1/8) E )+ O . 4.7
e / T>O \/W ¢ ( ) ( )

Summing (4.7) against N~ &, (k)f(k/N)e(ks) for k > 0 gives rise to £{%). The term coming from
Err (k)N & (k) F(k/N)e(ks) = %Erru(s)

can be bounded sufficiently by Lemma 9 and the triangle inequality.
O

Since zy, , is roughly of size e, if we stop here, and apply the triangle inequality to (4.8) we would
get

. ‘«—Zﬁu q——«%e‘g"”«Nl/Q. (4.8)
k>0

Hence, we still need to find a saving of O(N 1/ 2). To achieve most of this, we now apply the B-process
in the k variable. This will require the following a priori bounds.



4.3 Amplitude Bounds

Before proceeding with the second application of the B-process, we require bounds on the amplitude
function

\I/q7u(k,‘7r, S) = \I/q,u = m‘](mk”f‘)ﬁu(k)f( k ) )

R (zg,) AN

and its derivatives; for which we have the following lemma

Lemma 11. For any pair q,u as above, and any j > 1, we have the following bounds
18] % g,k Yoo < €™ QO g ulloc (4.9)

where the implicit constant in the exponent depends on j, but not q,u. Moreover

_ _1 _
W g,ulloo < 17/ 2g72(A=D),

Proof. First note that since ¥q,, is a product of functions of k, if we can establish (4.9) for each of
these functions, then the overall bound will hold for ¥y .(k,r,s) by the product rule. Moreover the
bound is obvious for & (k), f(k/N), and k= /2.

Thus consider first 0yMNg(zy ) = Ng(2k )0k (zk ). By assumption since zj , < e?, we have that
Ny () < e Again, by repeated application of the product rule, it suffices to show that 6%2:;“ <
e?=4QOW) | To that end, begin with the following equation

1=0s(2) = 8:(B(w(2)) = &' (' (@) (2).

Hence &' (w'(z)) = % which we can write as

& (W' () = 22 f1(log(z))

where fi is a rational function. Now we take j5 — 1 derivatives of each side. Inductively, one sees that
there exist rational functions f; such that

5V (' () = 27" £;(log(x)).
Setting @ = xj, , = @(r/k) then gives
9D (r/k) = 21 £ (08 (k). (4.10)
With (4.10), we can use repeated application of the product rule to bound
Ny, = 0a(r/k)
=o' @' o/k) ()
J

T T

< 59 /k) (kQ) T k) (W)
<ot 0n(w,) (1) + ok llom(en) (5 )

Now recall that k =< e, z,, < €%, and r = e~ thus

Hag, < (eq(jH) (eUQq)j + e (7(67#? )) QoW
T o2u o(I+))u
< eq—quO(l).

Hence a]gj)mq(xk,r) < 6*quO(1).

The same argument suffices to prove that 8% < a7 Qo)

1
/W'/(wk,r)

4.4 Second Application of the B-Process

Now, we apply the B-process in the k-variable. At the present stage, the phase function is ¢(k,r) + ks.
Thus, for h € Z let p = pp, s be the unique stationary point of k — ¢(k,r) — (h — s)k. Namely:

(Ou@)(p;7) = h = s.

10



After the second application of the B-process, the phase will be transformed to
O(h,rys) = 6(u,7) — (b — ).
With that, let (again for u > 0)

g(BB . ‘ﬂ x r 1 e(@(hr. 5)). il
q,u T;)};)f( ) Q( My \/|/M”(9qur)'(3uu¢>)(u,r)| ( ( )) ( )

We can now apply the B-Process for a second time and conclude

Proposition 12. We have

Hg(BB) (B)HLM( o1 =O(N~ 2m+s) (4.12)

uniformly for any non-degenerate (q,u) € 4(N).

Before we can prove the above proposition, we need some preparations. Note the following: we

have
A-1

kw'(n) = Ak% < 104" 9gAL
n

If u—q+ (A—1)logg < —10 then 104"~ %4 ~! = 104194 < 0.6. Hence, there is no stationary point
in the first application of the B-process. Thus the contribution from this regime is disposed of by the
first B-process. Therefore, from now on we assume that

u>q—(A—1)logg—104, inparticular €" > e%q' ™. (4.13)

Non-essential regimes

In this section we estimate the contribution from regimes where w is smaller by a power of a logarithm
than the top scale Q. We shall see that this regime can be disposed off. More precisely, let

T(N) :={(q,u) € 9(N): u<logN —10Aloglog N}.

We shall see that contribution 7(N) is negligible by showing that the function
Tn(s):= Y ER(s) (4.14)

(W) ET(N)

has a small || - ||ec-norm (in the s € [O 1] variable). To prove this, we need to ensure that in

E(B) 1/8 ZZ‘IJqukrs o(k,r) — ks)

r>0k>0

the amplitude function

Voulk,r,8) = M?( k )

W (@) AN

has a suitably good decay in k.

Lemma 13. If (4.13) holds, then

1
k= O q,u k., 8)| 1 gy < €/q7 74D,

uniformly for r and s in the prescribed ranges.

Proof. First use the triangle inequality to bound
Ng(zp ) Ru(k) | ~/ Kk
B a k;/) u (k) f(—)
kw (wk,’r‘) N

Since f has bounded derivative, the term on the right can be bounded by 1 /N times the sup norm

||k = ak‘p%u(k,r, S)HLl(]R) < akf

kw' (x, )

e rmu(k) " (g)

L1(R H L(R)

times e“. Since f(%) is bounded, and %ﬁﬁ()) changes sign finitely many times, we can apply

the fundamental theorem of calculus and bound the whole by

1

k> —————
kw”(xk,r)

||k‘ — akwq,u(kvn S)HLl(R) <

Le(R)

11



Now we are in the position to prove that the contribution from (4.14) is negligible thanks to a
second derivative test. This is one of the places where, in contrast to the monomial case, we only win
by a logarithmic factor. Moreover, this logarithmic saving goes to 0 as A approaches 1.

Lemma 14. The oscillatory integral

Igu(h,r) = / Woul(t,r,s)e(p(t,r) —t(h —s))dt, (4.15)
satisfies the bound
Igu(h,r) < elgt™4 (4.16)

uniformly in h, and r in ranges prescribed by V.

Proof. We aim to apply van der Corput’s lemma (Lemma 5) for a second derivative bound. For that,
first note that 9rp(t,r) = w(we,r) + LI (w(xe,r)) — rde(we,r). Now, since
T

O (w(ze,r)) = o' (2e,0)0(we,0) = pACTROR (4.17)

it follows that
Orp(t, 1) = w(xe,r). (4.18)
Now we bound the second derivative of ¢(¢,7) —t(s + h). By (4.17) and (4.18), we have
Ro(t,1)] = Aulw(aer)] = T Ohlws].

Thus
2
2 -1
A=y
Taking x¢, < e? into account gives
2 = 1 (G S
Gitg(t )l = e~ 2agA-1 e3u =e g (4.19)

The upshot, by van der Corput’s lemma (Lemma 5), is that
Iu(h,r) < [[¥]oo(e ™" ™) T2 < etg!

O
Now we are in the position to prove:
Lemma 15. We have that, as a function of s € [0,1], the sup-norm ||Ty|c < (log N)~84.
Proof. Note that
B s) < % S E@M where  E(r) =Y Wgulk,rs)e($(k,r) — ks). (4.20)
rxev—agA—1 k>0

By Poisson summation,

E(r) = Z Iq,u(h,r).

hEZ

We decompose the right hand side into the contribution Z1(r) coming from |h| > (4Q)*, and a contri-
bution Z5(r) from the regime |h| < (4Q)”. Next, we argue that Z;(r) can be disposed off by partial
integration. Because zj, < 2N, we have

w(a,) = (logay,)* < (3Q)™
Note for |n| > (4Q)4, by (4.18), the inequality
Ok, ) — k(s+h)] > h

holds true, uniformly in » and s. As a result, partial integration yields, for any constant C' > 0, the
bound

Tgau(h, ) < |k = O Wq,ulk,r, 8)| L1 () hC.

Therefore,

E1(r) < [k = O qulkor, )l >, b O
h>(4Q)4

12



Recall that we have g > #HQ. Thus, taking C to be large and using Lemma 13, we deduce that
Ei(r) <c, e2Q™ (4.21)
for any constant C; > 0. All in all, we have shown so far
2(r) < Eo(r) + e2Q O
In E5(r) there are O(Q™) choices of h. By using Lemma 14 we conclude

Za(r) < eg' Q% (4.22)

By combining (4.21) and (4.22), we deduce from (4.20) that
1 1
ROl <k T et bt

N N
r<eu—agA—1
As a result,
1 unA 1 u~A+1 1 A+1 1
IOl €5 2 COET e < Tapmyor (N < e
(u,@)ET(N) u<log N—10A4 log log N

Essential regimes

At this stage, we are ready to apply our stationary phase expansion (Proposition 3), and thus effectively
apply the B-process a second time. Recall that after applying Poisson summation, the phase will be

wr,h(t) = ’df( ) = ¢(t T) - t( ) Let
Waa(t) = TR F (LY e (w0) = w) - (-0 W)

tw" (wt,r)

Further, define

LN
pj(p) =c¢; <m> Wq(,%f)(li)7
where po(p) = e(1/8)Wq,u(u). Note that, by (4.19), one can bound

11 (@) Qerli=p)”

P ) < p1n) <N s WITALE < e"PTINT > (4.23)
Hence let
Pyulh,r,s) = e(z,(,’;f) (o) + 1 (1)),
and set
ESRP (s) = 6(71\1/ 8) Pyalh,r,s).
>0 h>0

Before proving Proposition 12 we need the following lemma.
Lemma 16. For any c € [0,1] and any M > 10, we have the bound
/01 min(||c + st1 ,M)ds < 2log M.
Proof. Decomposing into intervals where [c 4 s|~* < M as well as intervals where |jc+ s~ > M and
then using straightforward estimates imply the claimed bound. O
Now we can prove Proposition 12.
Proof of Proposition 12. Fix s € [0,1] and recall the definition of I4,(h,r) from (4.15), then by Poisson

summation
B —1 8
e () = S S pyulhn)
r>0hez

13



Let [a, b] := supp(&u), and

me(h) = kgi{lb] Yy 1 ()]

We decompose the h-summation into three different ranges:

Z Igu(h,r) = €1 + Co + €3,

h€eZ
where the first contribution, €;(r,s) is where m,(h) = 0, the second contribution, €5(r,s) is where
0 < mr(k) < N¢, and the third contribution €3(r,s) is where m,(h) > N°¢. Integration by parts shows
that

€3(r,s) < N~109
Next, we handle €;(r,s). To this end, we shall apply Proposition 3, in whose notation we have
Qu =", Aw = eq_u/2+€, Ay = equ_l7 Qy = ev.

The decay of the amplitude function was shown in Lemma 11, the decay of the phase function follows
from a short calculation we omit. Next, since we have disposed of the inessential regimes, we see

Z = Qy+ A+ Ay +Qu+1x gt = Nito(),

Further,
W g4 et pp G0
Aqlﬁ/Q q%A q%A+g(A—1)

Hence taking ¢ := 1/11 is compatible with the assumption (2.1). Thus

€1(r,5) = Y Pyulh,r,s) + 0N/,
h>0

Now we bound €3(r, s). First note that w(z,) is monotonic in ¢. To see this set the derivative equal
to 0:
1 A-1 1 A-1
ALBEr)T = AMBE T iy i) =0,
Tt Tt,r
However, since z;, < e, this implies w'(r/k) = 0, which is a contradiction. Thus, by van der Corput’s
lemma (Lemma 5) for the first derivative, and monotonicity, we have

Ca(r,s) K N%+s min (Hw(xaw) + 8”—1 7N%Jro(l))

where we used (4.19) and the fact that d;¢(¢,7) = w(z¢,r). Notice that

1

L5 e
r>0

m m—1

i Sl <] Sew
>0 >0

00 2N

By (4.16) we see
H% Z Co(r, S)H::l < NO©),
r>0

Hence it remains to estimate

1 ! _ 1
NOE) — / min ( [|w(za,r) + || ! ,N2+0(1) ds.
> 75, min )

r<et*—dq

By exploiting Lemma 16 we see
1 m Ne) (1)—1
H— Ze:g(r,-)H < Y =< nNW
N r>0 L rxeu—dqA-1 VN
which implies the claim.
Finally, it remains to show that

ISP () = ESEP () = o(v 12ty

from which we can apply the triangle inequality to conclude Proposition 12. For this, recall the bounds
(4.23). Since SéﬁB) is simply the term arising from pg(u), we have that
6u—q/2 NE

B BB 1
16570~ BED Ol < 5 Y om <

reZ

14



From here the bound follows from the ranges of ¢ and u.

O
Before proceeding, we note that (4.11) can be simplified. In particular
Lemma 17. Given, h, r, and s as above, we have
— r = — -1 —
,U'h,r,s - w’(w‘l(h— S))’ (b(h?,n S) TWw (h’ S)
and moreover
2
" (@) - Opd) 1) = = 5. (4.24)
Proof. Recall z,, =& (%). Now, to compute p, we have:
0= O (pw(zp,r) = repr) — (h = s)
= w(zpr) + pw' (@) (Opep,r) = ropzpr — (b — s).
Consider first
~ T ~ T T
oux r = 0 w | — = W — — .
e =00 (3 (7)) =5 () (52
Furthermore, since p = &(w’(11)), we may differentiate both sides and then change variables to see
ey 1
O (r/p) = ————. 4.25
MR ) (4.25)
Hence
T T
Oulzyr)=—wl|lw| — —_—
o ==o(@ (%)) i
Hence

2
o=atanr)=r (v (2 (5)) i) + (7 () oty - -9
=w(zp,r) — (h—s).
Hence w(@(r/p)) = h — s. Solving for p gives:
b )
Moreover, we can simplify the phase as follows
®(h,r,5) = ¢(p, ) — (h — s)p

= pe(Tp,r) = ropr — (h—s)p

= pw(@(r/w)) —ro(r/p) — (h — s)u

B (e B A
= S 1(h— %) (h=s) = =9 =T =)
=—rw '(h—s).

Turning now to (4.24), we note that since, by the definition of u we have that d,¢(u,7) = h — s, and
h—s=w(@(r/p)) we may differentiate both sides of the former to deduce

Oupd(p, 1) = Op (w(@(r/p)))
=o' @(r/w)@ (r/p)(—r/u?)
= (/) (r/ ).
Now using (4.25) we conclude that
po” (@) - Q) (1) = = @ (/1) (r? /) (7 /1)
1 2

= — (2 /i) (& (r L
=% ) G0/ 0) sy =

15



Applying Lemma 17 and inserting some definitions allows us to write

BB
£ 5) = 5 00 (A Ry @ /p0) Ee(—rw ™ — 5)). (4.26)
r>0 h>0
Returning now to the full L™ norm, let o; := o(u;) = I%I Proposition 10, Proposition 12 and

expanding the m!*-power yields

Fvy= Z / TT €82 () T £8PPs) ds + 0N —/2). (4.27)
01,0y 0m €E{E1} (us,q:)EG(N) i<m i<m
u; >0 ;>0 ;<0

To simplify this expression, for a fixed u and q, and p = (p1, ..., um) let Ru(p) = [1;<,, Kui(pi). The
functions Mg (i, s) and f(u/N) are defined similarly. Aside from the error term, the right hand side of
(4.27) splits into a sum over

Faui= o 3 L / S Rulp)M (1.5) Ane(s)e (onr(s)) ds

rezm hezm
where the phase function is given by
Pne(s) = —(riw (b1 — s) + row ™ H(ha — 8) + -+ + rmw ™ (him — 9)),
and where

Anr(s) = f(%) K2 - - fim

Now we distinguish between two cases. First, the set of all (r,h) where the phase ¢y, ,(s) vanishes
identically, which we call the diagonal; and its complement, the off-diagonal. Let

o ={(r,h) e Nx N:pp,(s) =0,Vs € [0,1]},

and let

1 if(rh) g
”(r’h)'_{o if (r,h) € o.

The diagonal, as we show, contributes the main term, while the off-diagonal contribution is negligible
(see section 6).

5 Extracting the Diagonal

First, we establish an asymptotic for the diagonal. The below sums range over q € [2Q]", u € [-U, U],
and r,h € Z. Let

Dy = qu§h (1 =n(r, h))m/ Ru(p)Ng (11, 5) A r(s)ds.

With that, the following lemma establishes the main asymptotic needed to prove Lemma 7 (and thus
Theorem 2).

Lemma 18. We have

li [Pi]y . |Paly. )

Jim Dy =3 E(F7)-E(FT) (5.1)
PEPm

where the sum is over all non-isolating partitions of [m], which we denote P = (Py,...,P;).

Proof. Since the Fourier transform f is assumed to have compact support, we can evaluate the sum
over u and eliminate the factors fu. Hence
o 3 1l > 0 ) [ g 0,5) (s,
q.r;h 172
here the indicator function takes care of the fact that we extracted the contribution when k; = 0.
The condition that the phase is zero, is equivalent to a condition on h and r. Specifically, this
happens in the following situation: let P be a non-isolating partition of [m], we say a vector (r,h) is
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P-adjusted if for every P € P we have: h; = h; for all 4,5 € P, and > ,cpr; = 0. The diagonal is
restricted to P-adjusted vectors. Now

1 ifY..pri=0foreach PcP 1 ifh;=h;foralli,jePecP
xp,1(r) == { 2icp ; xp,2(h) = { !

0 otherwise, 0 otherwise,

here xp i (r )X'p 5(h) encodes the condition that ( h) is P-adjusted. Thus, we may write

Dy = Nm Z Z XP, 1 XP 2 7"17“2 T </ mq M, S )M1M2 ﬂmds) + 0(1).

PeP.m, q,r,h

Inserting the definition of u; then gives

Dy = Nm > Y xpalr)xpa(h /‘ﬁq s )ﬁ(m)ds‘*‘o(l)-

PeP,, q,r,h =1

Now note that the r variable only appears in f(p,/N), that is
P

1 -~ 1
oemw 3 B () o (o) e
r;7#0

(5.2)

where x(r) is 1 if ZL r; = 0 and where Ng p(h) = [[;cp Ng; (15, 5). We can apply Euler’s summation
formula ([Apo76, Theorem 3.1]) to conclude that

FGEZ;P‘ X0 F (m) - /]R L XeOF (W’Q dx (1+ o(1)).
ri#0

Changing variables then yields
/]RIP\ X(X)j/‘\<Nw/(w1*1(h))x> dx = N|P\—1wl(w—1(h))\P|—l /Rm Xp(x)f(x) dx (1 + O (N—H)) 7

note that x(x) fixes ) p| = — Zl‘P‘fl z;. Plugging this into our (5.2) gives
Dy=gg X 3 S War®e/ @) [ Fan ey xe 1) dx(1 +o(1).

PeP,, PEP q,h

Next, we may apply Euler’s summation formula and a change of variables to conclude that

= > > (/R flar,. . epg, —x 1) dx) (1+o(1).

pe,, pep VRPN

From there we apply Fourier analysis as in [LT21, Proof of Lemma 5.1] to conclude (5.1).

6 Bounding the Off-Diagonal

Recall the off-diagonal contribution is given by

1 ... o~
O = 3 s Sonle) | BRI F () )t (1) (B (1. 3)) .
q,u r.h

T2 Tm

where r; < e ™% qf‘_l, the variable h; = ¢®. Finally the phase function

®(h,r,s) Zrlexp ((h; —s)l/A)
=1

If we were to bound the oscillatory integral trivially, we would achieve the bound Oy < (log N)A+D™,
Therefore all that is needed is a small power saving, for which we can exploit the oscillatory integral

I(h,r):= /Ahr ®(h,r,s))ds

17



where
Ape(s) 1= BHZ B F (R g (Mg (1, 5).

rir2 - Tm
While bounding this integral is more involved in the present setting, we can nevertheless use the proof
in [LT21, Section 6] as a guide. In Proposition 19, we achieve a power-saving, for this reason we can
ignore the sums over q and u which give a logarithmic number of choices.
Since we are working on the off-diagonal we may write the phase as
l L
®(h,r,s) = Y riexp((hi — )/ = 3 riexp((hy — )V, (6.1)

i=1 i=l

where we may now assume that r; > 0, the h; are pairwise distinct, and L < m. We restrict attention
to the case L = m (this is also the most difficult case and the other cases can be done analogously).

Proposition 19. Let ® be as above, then for any e > 0 we have

e ettt me
I(h,r) < N°Su(pto)Na (b9, 0) ——— N
'r'l .. Tm
as N — oo, where po; = ———++—. The implied constants are independent of h and r provided

W (w=1(hi))
ne(h) # 0.

Proof. As in [LLT21] we shall prove Proposition 19 by showing that one of the first m derivatives of ®
is small. Then we can apply van der Corput’s lemma to the integral and achieve the necessary bound.
However, since the phase function is a sum of exponentials (as oppose to a sum of monomials as it was
in our previous work), achieving these bounds is significantly more involved than in [LT21].

The j** derivative is given by (we will send s — —s to avoid having to deal with minus signs at the
moment)

D, Zri exp((hi + s)l/A) {A_j(hi + S)j/A—j +cjahi + s)(j—l)/A—j +tejjo1(hi + s)(l/A—j)}
=1

m
: Z bin (hz)
i=1

where the c; ;, depend only on A and j, where b; := r; exp((h; + s)l/A).
In matrix form, let D := (D1,..., Dp) denote the vector of the first m derivatives, and let b :=
(b1,.-.,bm). Then

D= bM, where (M)” = Pj (hl)

To prove Proposition 19 we will lower bound the determinant of M. Thus we will show that M is
invertible, and hence we will be able to lower bound the ¢?-norm of D. For this, consider the ;" row
of M

(M) = (Pj(h), ..., Pj(hm)).

We can write Pj(h1) := Zf;(l] cjk(hi + s)t/A=J where t), := j — k. Since the determinant is multilinear
in the rows, we can decompose the determinant of M as
det(M) = > cedet((hy +5)' /A7), i<m) (6.2)
teT
where c; are constants depending only on t and the sum over t ranges over the set
T:={teN": t; <j Vje[l,m]}.

Let Xy := ((hi + )"/ 77); i<pm. We claim that det(M) = ct,, det(Xe,,)(1 + O(max;(h; /*))) as N = oo,
where tp; :=(1,2,...,m).

To establish this claim, we appeal to the work of Khare and Tao, see Lemma 6. Namely, let
H:=(h1+5,...,hm+s) with by > hg > ... let T(t) :=(t1/A—1,...,tm/A —m). Then we can write

Xy = HT®),

Now invoking Lemma 6 we have
det(Xy) = V(H)HT®)~nmn,
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Note that we may need to interchange the rows and/or columns of X to guarantee that the conditions
of Lemma 6 are met. However this will only change the sign of the determinant and thus won’t affect

the magnitude.
Now, fix t € T such that t # t,; and compare

|det(X¢,,)| — |det(X¢)| > |[V(H ()HT 1)~ Nmin

’ HT(t) —Nmin

).

Since tp; # t we conclude that all coordinates ¢; < (tps); and there exists a k such that ¢, < (tpr)g.

Therefore

|det(X¢,, )| — |det(Xe)| = [V (H)HTEs)~Rmin (1+ O(max(h; ~1/4y) = [det(Xe, )| (1+ O(max(h;

This proves our claim.
Hence

[det(M)] = [et,, det(Xey )| (1 -+ Ofmax(h; /)

= [t VEYHT 0700 (1 O(max(h; /)

:|CtM|(ﬁh + )7/ A~ 2]“) [T (hi— k) +Ofmax(h; /)

1<i<j<m

which is clearly larger than 0 (since h; —hj > 1 and s > —1).
Hence M is invertible, and we conclude that
DM ! =b,

-1
IDl2lM ™ lIspec = [Ibll2,

[[bl|2
D ,
IPl2 2 37T
where || - [|spec denotes the spectral norm with respect to the ¢2 vector norm. Recall that ||[M~

simply the largest eigenvalue of M 1. Hence det(M )™ < ||M ™ ||spec.
We can bound the spectral norm by the maximum norm

—1 1
M~ [spec < H;%X(M )i,

However each entry of M~! is equal to T t(M)
with the size of the h; is enough to show that

IDll2 3> |[b]|2 log(N) ™00,

Now using the bounds on b (which come from the essential ranges of h; and r;) we conclude
D2 > N,

l/A))

(6.3)

Hlspec is

times a cofactor of M, by Cramer’s rule. This, together

From here we can apply the localized van der Corput’s lemma [TY20, Lemma 3.3] as we did in [LT21]

to conclude Proposition 19.

7 Proof of Lemma 7

Thanks to the preceding argument, we conclude that

]\}gnooKm(N): Z E(f‘Pll)“.E(f‘Pdl)+Nh_1>nOOON'

PEPm

Moreover, the off-diagonal term can be bounded using Proposition 19 as follows:

ON:ﬁZZn(r,,h I(h,r

q,u rh
u1+ F U )
< ym Zzﬁu o) Na(1o, ) max e/ N,

1<
q,u r,h Tmoo1sm
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Note that we are summing over reciprocals of r; and recall that the h; have size in, thus, we may
evaluate the sums over h and r and gain at most a logarithmic factor (which can be absorbed into the
e). Thus

1 ug et U, —u;/m pre
On K N ; et ?%31%(6 N°©.
Likewise there are logarithmically many q and u. Thus maximizing the upper bound, we arrive at
ON < N—l/m—&-a’

this concludes our proof of Lemma 7. From there, Theorem 1 and Theorem 2 follow from the argument
in Section 3.
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