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The Farey sequence is the set of rational numbers with bounded denominator. We
introduce the concept of a generalized Farey sequence. While these sequences arise
naturally in the study of discrete and thin subgroups, they can be used to study inter-
esting number theoretic sequences—for example rationals whose continued fraction
partial quotients are subject to congruence conditions. We show that these sequences
equidistribute and the gap distribution converges and answer an associated problem in
Diophantine approximation. Moreover, for one example, we derive an explicit formula
for the gap distribution. For this example, we construct the analogue of the Gauss
measure, which is ergodic for the Gauss map. This allows us to prove a theorem about

the associated Gauss—Kuzmin statistics.

1 Introduction

Consider the classical Farey sequence of height Q:

- ._|P ) 52

Fo = ae[O,l).(p,q)eZ,O<q<Q , (1.1)
where 72 denotes the set of primitive vectors in Z2. Naturally, this sequence is a

fundamental object in number theory dating back to 1802 with its introduction by Haros

and subsequent work by Farey and Cauchy. For example, this sequence has connections
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2 C. Lutsko

to the Riemann hypothesis (see e.g., [10]) and plays a fundamental role in Diophantine
approximation.

In this paper, we generalize the Farey sequence. For concreteness, one example
of such a generalized Farey sequence is given by the following: throughout the paper,

we use the standard continued fraction notation

[agia a,|=aq+ 1 (1.2)
or 17> = 0 - E— .
(see e.g., [9]) then denote

Q9 :={[0;ay,...ar] 1 keN, a; € 4Z 4, Vi}, (1.3)

that is, rationals whose continued fraction expansions involve only multiples (possibly

negative) of 4. The generalized Farey sequence in this context is
o~ N p . . .
fa—{a€Q4-0<‘1<0, ged(p, @) = 1}; (1.4)

we return to this example in Section 1.1 where we give a geometric interpretation of
these sets. To see some of the points of Q,, see Figure 1.

There is a geometric interpretation of the classical Farey sequence, which will
play an integral role in this paper. Consider the groups G = PSL(2,R) and A :=
PSL(2,7Z) < G. G acts on the hyperbolic half-space, H via Mo6bius transformations (see
Section 2). As A is a lattice, there exists a tessellation of H into disjoint, finite volume
subsets such that A acts transitively on them. These fundamental domains are not
compact as each one contains a point on the boundary dH = R U {oc}, at the end of a

cusp. The set of such cuspidal points is exactly
(A/Ay)o0 =Q (1.5)

(we use G, to denote the stabilizer of x in a group G). That is, the set of cuspidal points
can be written as the A-orbit of the point at co € dH, which corresponds to the rationals.

Thus, the Farey sequence of height Q can be written

Fg = ge(A/Aoo)oo:(p,q)eZZ,0<q<O] (1.6)
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Fig. 1. Above we show some of the points in Q4. The graph was generated as follows: we generated
all words of length 10 (with respect to the two generators applied to oco). Then separated the
interval [0,1) into bins of size 10~5. The above is a bar chart showing the number of points in
each bin. Note that the sequence is supported on a fractal subset of the interval. This does not
show fa (as the cut-off is with respect to word length), however will suffice for a qualitative

picture.

—the points in the A-orbit of the point at co € dH with denominator less than Q. The
goal of this paper is to consider a generalization of this setup, where we replace A
by a general (possibly infinite covolume) discrete subgroup. For our example (1.4), the

corresponding subgroup is the Hecke group

)

Most of our theorems hold for general subgroups. Hence, let I' < PSL(2,R) be a
general non-elementary, finitely generated subgroup in G with critical exponent §;. In
our context, 1/2 < 8 < 1 and § is equal to the Hausdorff dimension of the limit set of
the subgroup (we introduce these definitions in Section 2). Furthermore, assume I" has
a cusp at oo and let I'*® = (I'/ ', )oo C dH denote the orbit of co. Hence, '™ is the set of
the cusps located at points on the boundary, isomorphic to co. Finally, we assume that

I =((6 1)) That is, that the fundamental domain is periodic with period 1 along the

o
real line. Note that T" has period 4. However, a scaling could be applied to give it period

1 (in order to preserve the continued fraction description we refrain from doing so).
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4 (C. Lutsko

Let
Z:={(p,@ € (0,1)T} C R? (1.8)
denote the analogue of primitive vectors and define

Fq = [1—36[0,1):(p,q)eZ,0<q<Q]
1 (1.9)
:[SeFm:0§p<q<Q].

Fq is the primary object of study for this article, which we call a generalized Farey
sequence (occasionally, gFs). In Subsection 3.1, we show that asymptotically there exists

a constant 0 < ¢ < oo such that
|Fol ~ crQ*r. (1.10)

The goal of the paper is to establish the Theorems in Sections 4-9, which we
describe briefly here. As the statements of the theorems require the use of fractal
measures, we present them formally only after presenting the necessary notation
(readers familiar with Patterson-Sullivan theory may wish to skip ahead and see
the theorems now). Sections 2 and 3 present some background and preliminary work.

Subsequently, the main results of the paper are as follows:

e Counting primitive points: in Section 4, we present a theorem for the
equidistribution of the horocycle flow in infinite volume subgroups (proved
by Oh and Shah [17]). Then we show how this equidistribution result can
be used to prove a technical theorem about counting primitive points in
a sheared set (Theorem 4.3) and another technical theorem about counting
primitive points in a rotated set (Theorem 4.5). These theorems generalize
the analogous result for lattices in [16].

e Diophantine approximation by parabolics: we prove two theorems in metric
Diophantine approximation in Fuchsian groups. These are the analogues of
the Erdds—Szlisz—Turdn and Kesten problems in the infinite volume setting.
In the classical setting, these problems were solved using homogeneous
dynamics by Marklof [12, Theorem 4.4] and Athreya and Ghosh [2]. Moreover,
Xiong and Zaharescu [24] and Boca [6] solved the problem using number

theoretic methods (by applying the BCZ map). Extending classical results
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Farey Sequences for Thin Groups 5

in metric Diophantine approximation to the setting of Fuchsian groups
is not new and was done by Patterson [18] who proved Dirichlet and
Khintchine type theorems for such parabolic points. More recently, for
example Beresnevich et al. [4] studied the equivalent problems for Kleinian
groups.

In the same section, we show that Theorem 4.5 allows us to prove that there
is a limiting distribution for the direction of primitive points, Z, as viewed
from the origin. This problem has not been addressed in the Euclidean
setting except for lattices [16].

Equidistribution of gFs: Theorem 6.1 states that the gFs equidistributes
over a horospherical section. In a series of papers [13, 14], Marklof showed
that the (classical) Farey sequence, when embedded into a horosphere,
equidistributes on a particular section. This equidistribution theorem was
then used to show that the spatial statistics of the Farey sequence converge.
This was followed by work of Athreya and Cheung [1] who (in dimension
d = 2) were able to construct a Poincaré section for the horocycle flow such
that the return time map generates Farey points. We restrict our attention
to proving the equidistribution result in this more general setting. Heersink
[8] generalized [13] to certain congruence subgroups of A (still in the finite
covolume setting). Furthermore, the method of [1] has been generalized to
more general subgroups such as Hecke triangle groups (e.g., [23]). However,
we will not discuss this approach here.

Convergence of local statistics: Theorem 7.1, as a consequence of
Theorem 4.3 and Theorem 6.1, states that two sorts of local statistics
converge in the limit. A corollary of one of these is that the limiting gap
distribution exists. This distribution in the classical setting was originally
calculated by Hall [7] (and is known as the Hall distribution) and has been
studied by many people since. The Hall distribution was originally put into
the context of ergodic theory in [3].

An explicit formula for the gap distribution: in Section 8, we restrict to the
example T'. For this example, we show that the limiting gap distribution can
be explicitly written as an integral over a compact region. While the integral
involves a fractal measure, this is the 1st time such an explicit formula has
been calculated in the infinite volume setting. There is much interest in
finding explicit formula for limiting gap distributions for projected lattice

point sets and the infinite covolume analogue. The only instance (to our
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6 C. Lutsko

knowledge) of such explicit examples are those covered in [19]. In that
paper, Rudnick and Zhang used the relation between Farey points and Ford
circles to produce examples for which they could express the limiting gap
distribution explicitly (recovering, in one instance, the Hall distribution).
In Section 1.1, we show that the Farey sequence for I’ can also be used to
generate a (sparse) Ford configuration, which leads to our result.

e Ergodicity of a new Gauss-like measure: continuing to work with the
example f, we show that a new fractal measure takes on the role of the
Gauss measure (Theorem 9.2). That is, this measure is ergodic for the Gauss
map. As an application, we show that this ergodicity implies convergence
to an explicit function of the Gauss—Kuzmin statistics in our context. This
section takes inspiration from [20] where Series showed how the Gauss
measure can be viewed as a projection of the Haar measure on a particular

cross-section.

1.1 Ford configurations for I’

To give some further intuition for generalized Farey sequences, in this section, we show
that the gFs for I' admits a simple geometric interpretation, which we shall return to in

Section 8. Returning to our example fo—(1.4), note that
I'®=09,. (1.11)

To see this, simply note that the two generators in (1.7) correspond to the maps f(x) =
x+4and g(x) = *?1, which generate these continued fractions.

Consider the action of T on an initial configuration of circles in the closure H:

]CO = (CO’CI’CZ’C3)
(1.12)
Co=R , C=R+i , Cy=C(/2,1/2) , C3=C(i/2+4,1/2)

where C(z, 1) is a circle located at z € H of radius r. We are interested in the resulting
sparse Ford configuration, K := fKO, shown in Figure 2. Any group element in T’ can be
decomposed into a composition of circle inversions through vertical lines at 0 and 4 and
C(0,1) and C(4, 1) (these are also shown in Figure 2).

Let A denote the set of tangencies with C, in [0, 1] such that the circle tangent

to C, has diameter larger than T~!. The way we have constructed the packing K, these
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Fig. 2. Diagram of a portion of K. The dotted lines represent the circle inversions corresponding
to the subgroup T'. The white circles (including the x-axis and horizontal line above) represent the
initial configuration Kq = (Cg,Cy,C2,C3). The filled-in circles represent some of the images.

tangencies are exactly the cuspidal points of the group (i.e., the tangencies are located
on the orbit T'®). Moreover, one can easily show if a circle in this packing is tangent
to Cy at p/q in reduced form then the diameter is given by 1/g%. Hence, Ay = ]?Q, that
is, the set of tangencies of circles with diameter greater than Q? is exactly the gFs of
height Q.

Given an interval 7 C [0,1], let Ar 7 = Ay N Z. We label the elements of A; =
{)/.T,I}fiT'I such that X’%II < X]TJFI1 for all j. The gap distribution is then

#liel #n ) TGg) — %) <)

> (1.13)

fT'I(s) =

for s > 0.

In Section 8, we show that the limiting gap distribution can be explicitly
calculated as a sum of integrals over compact regions involving a fractal measure
presented below. This allows us to show that all gaps have size bigger than s < 2 (not
just in the limiting case) and to say something more about the regularity of F and the

growth of the derivative.

Remark. Of course different subgroups generate different sparse Ford configurations
and have other interesting relations to continued fractions (and hence Diophan-
tine approximation). We only address this (simplest) example here. That said, our
methods generalize without additional effort to any Hecke subgroup of the form
T, =(6 9. 7)) forc e R_, (the corresponding continued fraction description will

involve ¢ rather than 4 and this loses some elegance for non-integer c).
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8 C. Lutsko
2 Background—Hyperbolic Geometry

Consider the action of G on H via Mobius transformations: for z € H and g = (Z Z) eG

- az+b

92= czv d 2.1)
; az+c az+c '

zg = 'gz =

“bz+d¥ T bzt ad

Let X; € T!'(H) denote the vector pointing upwards based at i. Denote

e K = Stab,(i), hence H = G/K.
e A—a one parameter subgroup corresponding to the unit speed geodesic

flow, G,, on T!(H). For X;, the action of A corresponds to multiplication by
t et/2 0
" = ( e_t/z)'

1

e N_ = [TL(X) = (0 }1() X € R], the contracting horosphere for ®?.
1 0 .

o N, := [n+(x) = ( 1) 'X € R], the expanding horosphere for ®?.
b'¢

We identify points in G with points in T' (H) via the map g — gX; and points in G/K we
identify with points in H via the map g — gi.

2.1 Measure theory on infinite volume hyperbolic manifolds

To construct the appropriate measures, we require the following definitions. For a point

u € T'(H), denote the forward and backward geodesic projections
+ _qs
u™ = lim G.(u). (2.2)
r—0o0

Moreover, for g € G, we denote g* = g(Xi)i. Let £(I') C dH—the limit set—denote the set
of accumulation points of any orbit under I". A classical result in the field states that
the Hausdorff dimension of £(I") is the critical exponent 4 [21].

Given a boundary point £ € 9H and two points in the interior x, y € H, define the

Busemann function to be

Be(x,y) := tlggo d(x,&) — d(y, &), (2.3)
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Farey Sequences for Thin Groups 9

where &, is any geodesic such that lim, , & = &. In words, the Busemann function
measures the signed distance between the horospheres containing x and y based at &.
Define a I'-invariant conformal density of dimension §, > 0 to be a family,

{n, : x € H} of finite, Borel measures on the boundary dH such that

d
Vil () 1= iy (r 1) = 1,5 (), d_ZX@) = P v, (2.4)
Yy

for any y € H, § € 0H and y € TI'. Patterson [18] (in dimension 2) and Sullivan [21]
(in higher dimensions) constructed a I'-invariant conformal density of dimension §
supported on the limit set £(I"). We denote this conformal density v,. Moreover, let m,
denote the G-invariant density of dimension 1 (the Lesbegue density).

Given a point u € T'(H), let n(u) denote the projection to H and let s =

By~ (@, m(w)). From there, define the following measures:

e The Burger—Roblin measure
BR sr B, (i, ; _
dmPR (u) = &rPu-CmW) byt L1 W) gy, (™) dm; (u™)ds (2.5)

is supported on {u € T'(H) : u~ € £(I')} and is finite on I'\G iff I'\G has
finite volume (in which case the Burger-Roblin measure is equal to the Haar
measure).

e The Bowen-Margulis—Sullivan measure
BMS Sr B, (i, s ; _
dmPMS () = @rhu- W) gdrby+ G W) gy, (u ™) dv, (u™)ds (2.6)

is supported on {u € T'(H) : u* € £(I')} and is finite on I'\G.

Now define the Patterson—-Sullivan measure (for N_) on 0H ~ R to be
du (%) := e‘sfﬁx(i'”x)dvi(x). (2.7)

Note that supp(u®) = L(I'). We will primarily use this Patterson-Sullivan measure;
however, we also use one associated to the expanding horospherical subgroup N,
defined as

B i, =t
I",B%( Xl+l)

1
duy (x) :=e dvi(2)- (2.8)
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10 C. Lutsko
3 Preliminary Results
3.1 Proof of (1.10)

Proof of (1.10). A rational ¢ belongs to F, if and only if there exists ay = (5 i) €

I')T,, and 0 < a < b < Q. Using the standard Iwasawa decomposition, one can write

cosf —sin@ y/2 0
y = ) 1 (3.1)
sinf cos6 o yV

where a = cos0y'/? and b = sin0y!/2. Therefore, the problem is equivalent to counting
#{y el'/Ty :(0,y) € @}, (3.2)

where Q := {(#,y) : 0 < y/%2cos@ < y'/?sin# < Q}. Counting the asymptotic number of
points in such a sector is the content of [5] (see Theorem 8.5 below).
Below to prove Proposition 8.6, we perform this calculation more carefully (and

will calculate the constant in that context; thus, we leave the details till then). [ |

3.2 Gauss-type decomposition

Let M, := (Ygl YOZ), for y € R?. In what follows, we will need the following decomposition
of T1(H).

Proposition 3.1. For any ¢ € C,(T!(H)) and any set &/ C R?,
/ ¢ (hM,) dmPR (hM) = 2 / P(n_(M)ys" *dy,dy, duSx).  (3.3)
N_{My:yes/) Rx.o/

Proof. The goal is to understand the forwards and backwards orbits of u = hMyX;

(where h € N_). First, we note that
u” = (hMyX;)~ = hX; (3.4)

(this follows from the definition of the stable and unstable directions of the geodesic

flow). Hence, we can write the following:

s = By- (I, (W)

= By~ (h™1i, Myi).
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Farey Sequences for Thin Groups 11

Inserting the definition of the Busemann function and using its invariance properties

then give

s = lim d(h™"i, ®~") — d(Myi, D)
t—o00

(3.6)
= lim d(i, %) — d(Myi, ®74) + d(h™'i, %) — d(i, P7").
t—o0
Now setting ry(h) = B, (i, hi) gives
— 1i _ 1 0Y: ot
s= tliglot d((7 yz)z, @) + ro(h)
=tlim t—t+2Iny, +ryh) (3.7)
—00
Thus,
2d
ds = 2272, (3.8)
Y2
Moreover, we note that by definition
Next consider the measure
B v+ (i, hMyi)
dhy(z) = e MMyxo N dm (hM X)), (3.10)
with g = h(Y%1 y"z) and z = n_(y, 'y;). We can write (using the G-invariance of m)
- eﬁ(gzxi”(i'gZi)dmi((ngi)Jr)
. (3.11)
— elg(ngi)Jr (l'gZL)dmgfli((ZXi)-’—)
and then using the definition of conformal densities:
= Pzt (i’gZiHﬁ(ZXi)*(i'g_li))dmi((ZXi)Jr)
(3.12)

= P O g (X)),
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12 C. Lutsko

Hence, d, = d}, and in particular A, is N*-invariant. Hence, it is the Haar measure on

N,. Thus, we have (for y, fixed)
dhy(z) :dz:yz_ldyl. (3.13)

Inserting (3.4), (3.7), (3.8), (3.9), and (3.13) into the definition of the BR-measure we
get (3.3). [ |

3.3 Global measure formula

The last theorem from the literature we require is the so-called global measure formula
stated by Stratmann and Velani [22, Theorem 2], which requires some set up. In actuality,
we only use the simpler Corollary 3.3. As stated in [22], there exists a disjoint, I'-
invariant collection of horoballs s# such that (C; \ ##)/T' is compact, where Cy is the
convex hull of £(T').

We let n € L(I') be a parabolic limit point. Define 7, to be the unique point along

the geodesic connecting i to n whose hyperbolic distance from i is ¢t. And define

0 ifx e HH\ 57

b(x) = (3.14)

d(x, 0H,) ifxeH, e A ,
where H, is the horoball at 7.

Theorem 3.2 ([22, Theorem 2]). There exists a constant 0 < C < oo such that for any

n € L(TI"), a parabolic cusp, and for any ¢ > 0,

Cle=drtgb(ne)(1=dr) < v(B(, e—t)) < Ce—drteb(ne)(1=dr) (3.15)

where B(n,e~?) ¢ dH is the ball centered at n of radius e~*

Corollary 3.3. Assume that n € £(I') is a parabolic cusp; in a small ball around 7, we

can approximate the measure:

dv;(n + h) < h¥r~2dh. (3.16)

This corollary follows by differentiating (3.15) with h = e~

b(n, <t.

and by noting
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Farey Sequences for Thin Groups 13
4 Horospherical Equidistribution

Consider an unstable horosphere for the geodesic flow ®¢, N, . We parameterize the
projection by n, : T — I' NN, \I'N,. [11,Theorem 3.3] (which follows from [17, Theorem
3.6]) states

Theorem 4.1. Let A be a Borel probability measure on T with continuous density
with respect to Lebesgue. Then for every f : T x '\G — R compactly supported and

continuous

1
lim e(1—9r)? /T fx,n, (0" dr(x) = ] /T e f(x, )X (%) duf\’fi x) dmPR ). (4.1)

t—o00

Furthermore, this theorem can be applied to characteristic functions (this

follows in the same way as [11, Corollary 3.5]).

Corollary 4.2. Let A be a Borel probability measure on T with continuous density with
respect to Lebesgue. Let £ C T x I'\G be a compact set with boundary of (Mﬁi x mBR)-

measure 0. Then

1
1i (Hr)t/ , ®Y) dA(x) = ———— )N PS (1) dmBR (o).
lim e . Xe (X, n (x)®°) dA(x) S Jo e Xe X, )M (x) duyy, () d (o)

(4.2)

4.1 Counting primitive points in sheared sets

As a straightforward consequence of Corollary 4.2, we have the following theorem,

which (in Sections 5 and 7) we show has a number of important consequences.

Theorem 4.3. Let A be a Borel probabilty measure on T with continuous density
with respect to Lebesgue. Let A C R? be a compact set with boundary of Lebesgue

measure 0. Then for every k > 1:

C
: 1-ér) . _ _ A BR . _
lim 175, ((x € T |Zn, 00" N A)| = k}) = ey ™ (@ €T\G [ Zan Al = kD),

(4.3)

where C, = y,]}f,i ).
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14 C. Lutsko

Theorem 4.3 is an infinite covolume version of [16, Theorem 6.7]. The proof is a
straightforward consequence of Corollary 4.2 and the fact that if A is compact and has

boundary of Lebesgue measure 0, then

{ge\G: ZgNn A=k} (4.4)

is compact and has boundary of volume 0, and the Burger-Roblin measure of a 0 volume
set is 0.
Using [15, Theorem 6.10] in the same way, we used [17, Theorem 3.6] to derive

Theorem 4.1, we have

Theorem 4.4. Let A C R? be a compact set with boundary of Lebesgue measure 0.

Then for every k > 1:

PS
|/LN+|

s (o €T\G | Za N Al = kD). (45)

tlilélo Mﬁ (IxeT:|2Zn (0@ NA)|=k}) =

In words, each of these two theorems is asking for the limiting probability that
a randomly sheared set contains k points. In one instance (Theorem 4.3), we randomly

shear the set with measure A and in the other (Theorem 4.4) we use the measure “ﬁ

4.2 Counting primitive points in rotated sets

Similarly to Section 4.1, one can ask about the probability of finding k primitive points

in a randomly rotated set (as oppose to a randomly sheared one). In [11, Section 6],

we show that similar equidistribution results to Theorem 4.1 and Corollary 4.2 also

hold when the horospherical subgroup N, is replaced with the rotational subgroup,

K. Parameterize the rotation subgroup K by the boundary dH in the natural way
Ccos 2 X sin27x

X +— Rx) = (,Sm” ives 2ﬂx). Then the rotational Patterson-Sullivan measure is defined
to be

dulS (x) = ePrERE®ED) gy, (). (4.6)

Note uf® is supported on £(I'). Hence, the analogous theorem to Theorem 4.3 follows
from [11, Corollary 6.2] (in exactly the same way that Theorem 4.3 follows from
Corollary 4.2):

120Z AINr 0€ U0 1s9nB Aq £0.9229/9€00BUI/UIWIEBOL "0 /I0P/2|0lE-80UBAPE/UIWI/WOS"dNO"OIWSPEIE//:SARY WOl Papeojumod



Farey Sequences for Thin Groups 15

Theorem 4.5. Let A be a Borel probability measure on T with continuous density
with respect to Lebesgue. Let A C R? be a compact subset with boundary of Lebesgue

measure 0. Then for every k > 1

lim e %) ((x e T: |ZRX)P' N A| = k}) = D, mPR{a e T\G: |Za N Al =k}) 4.7)
t— 00 |mBMS|

where D, = uf5().

5 Consequences of Theorems 4.3 and 4.5
5.1 Diophantine approximation in Fuchsian groups

Theorem 4.3 can be used to prove several statements about the set of numbers, which
can be approximated by parabolic points in the limit set of the Fuchsian groups studied
here. In particular, as discussed in [2], Erd6s-Sziisz—Turdn (henceforth abbreviated
EST) introduced the following problem in Diophantine approximation: what is the

probability that a uniformly chosen point, x € [0, 1], satisfies

(5.1)

for % € Qwith g € [9Q, Q] for a fixed triple (4,0,Q) e R_, x (0,1) x R_,? Hence, if we let
EST(A,0,Q) be the random variable: the number of solutions to (5.1), the EST problem

is to prove the existence of
lim P(EST(4,0,Q) > 0). (5.2)
Q—o00

The limiting distribution for this random variable is given in [2] in great generality.
Our goal in this section is to understand the same problem with the rationals replaced
by I'*°.

Given a triple (4,6,Q) as above and a number x, define (the analogue of the
random variable EST), E(4, 6, Q) to be the number of solutions, (p,q) € Z, to

Ip—gx| < —, (5.3)

Q|

with g < Q.
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16 C. Lutsko

Theorem 5.1. Given (4,60) € R_; x (0, 1). Let A be a Borel probability measure on [0, 1),

with continuous density with respect to Lebesgue. Then

c
. 2(1-ér) . _ _ A BR . _
Jim Q¥ (x € [0,1): E(4,6,0) = k) = S (fe € T\G:12aNCyyl = kD),

(5.4)

where
Cprp ={(X1, X)) eRxR:|xy|x) <A:0 <x, <1}. (5.5)

Moreover,

alingo uy (x € LI)NI0,1) 1 E(A,6,Q) =k}) = m®({o e T\G : [Za N €y 4| = k}).

| mBMS |

(5.6)

Proof. Write (5.4) as (with Q = e?/2)

. _ 1 0 a 0
tli%loe(l ar)tk({xelo,l]:#{(p,q)ez:(p,q)( 1 )( 0 0! )GQAIG] :k})

= lim e ({x €0, 1] : # (Zn (—x)®' N Ca9) =k}). (6.7

t—o0

To which we apply Theorem 4.3 to get (5.4).
Equation (5.6) follows in the same way except, in the last step, we apply
Theorem 4.4 instead of Theorem 4.3. ]

Moreover, the same proof allows one to prove the Kesten problem in our context,
stated as follows: for A > 0 and Q fixed let K(4, Q) denote the number of solutions to

leg—pl<—= , 1=<g=<Q (5.8)
In this case, the following theorem holds:

Theorem 5.2. Given A > 0, Theorem 5.1 holds with E(4, 9, Q) replaced by K(4, Q) and
¢, ¢ replaced by

Ry={xy)eR*:|x| <A,0=<y<1} (5.9)
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Farey Sequences for Thin Groups 17
5.2 Directions of primitive points

Given a point in R? (taken here to be the origin, however this is not necessary), one can
ask how the directions of primitive points Z distribute for an observer at that point.

The corollary of Theorem 4.5 below answers this question.

Let D,(o,v) C Si be the interval in the unit sphere with center v and length ce~?,

and set
Nyo,v; 2) :=#{y € Z,: llyl"'y € D,(o,v)}, (5.10)
where Z, ={z € Z: ||z| <e'}.

Corollary 5.3. Let A be a probability measure on T, with continuous density with

respect to Lebesgue. For k € N_,, we have

D
1-4r) _ A BR . —
g&d DO (v e T: Ny(o,v; 2) = k})_—l s (o eT\G:|ZanC,| =k}) (5.11)

where, in polar coordinates

={x=r0ecR*:r<1,0 <on}. (5.12)
This corollary follows directly from Theorem 4.5.

6 Equidistribution of gFs
6.1 Statement

In addition to Theorem 4.3, another important consequence of the equidistribution
statements in Section 4 is the following theorem, stating that the gFs equidistributes
on a horospherical section. This is a generalization of [13, Theorem 6], to the infinite

covolume setting.

Theorem 6.1. Leto € Rand Q =e"?/2 Letf : T x I'\G — R be bounded continuous

and supported on a set with finite volume. Then

er—1)o
lim e~%r? Z fr,n_re Y = FBMs| / / fe,n_(w)d e’ dr dufS(w) dukd > (X)
TxT

t— o0
re]—'a

(6.1)

where f(x, @) == f(x, ta™ ).

120Z AINr 0€ U0 1s9nB Aq £0.9229/9€00BUI/UIWIEBOL "0 /I0P/2|0lE-80UBAPE/UIWI/WOS"dNO"OIWSPEIE//:SARY WOl Papeojumod



18 C. Lutsko

Remark. Marklof [13] and [14] treat Farey sequences in general dimension. However,
in the infinite covolume setting, equidistribution results for SL(d, R) have not yet been

proved (to our knowledge).

6.2 Proof

Proof of Theorem 6.1. The proof will follow the same lines as [13, Proof of Theorem
6] with several exceptions as we are not working with Haar measure.
Note first that by setting f(x, o) = f;(x, 0 ®~?) for f; bounded and continuous we

may assume that o = 0.

Step 1: first, we show that we can reduce the theorem to f compactly supported via
a standard approximation argument. Assume the theorem holds for com-
pactly supported functions. Now consider a bounded, continuous function,
f supported on a finite-volume set. Fix ¢ > 0 and consider (for some t) the

difference

- - 1 < -r r
et fin (N t))—m/qr/0 fn_(w)d e’ drdufS(w)|. 6.2)

rEJ:Q

Now decompose f = f; +f, such that f; is supported on a compact set and f, is supported
on a set of volume o > 0 (as supp(f) has finite volume ¢ can be chosen arbitrarily small)

and both are bounded and continuous. Hence, the difference (6.2) is bounded above by

e _ 1 o e sr
e’ > filn_(reh) — W/T/o fin_(w)® e drduS(w)

reFa

_ _ 1 ® 5 —r r
+ |70t Zfz(nf(r)cb t))_m/ﬂ‘/o fon_(w)@ e drdufS(w)|. (6.3)

r€.7:a

Applying Theorem 6.1 for compact functions implies we can take t large enough that the
1st term is less than /2.

We may assume that f, is supported on the cusp at infinity, that is, supp(f;) =
{z € H: 3(2) > 0~ !}. With that, using the bounded property of f, there exists a C < o
such that

C#lre Fo:3(m(n_(ra_,) > o}
| Fal

1Faol ™' D fotn_(na_y)| <

re]-'a
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where 7, denotes the projection to the fundamental domain above i extending to infinity.
ClFeal
IcFal

by choosing ¢ large enough the summation in the right-hand term in (3) can be bounded
by €/4.

This proportion can be upper bounded by = Co?r for some constant C < oo. Thus,

Lastly, consider the term
Oo ~
‘// fo(n_(wya_)e’" drdufS(w))| < oo. (6.5)
T Jo

As T has a cusp, 6 > 1/2. Thus, the Patterson-Sullivan measure of supp(fz) N L() goes
to O as vol(supp(f'z)) goes to 0. Hence, we can choose ¢ such that (6.2) is bounded by
€. Thus, Theorem 6.1 for compactly supported f implies the theorem for f with finite
volume support.

Henceforth, take f to be compactly supported.

Step 2: note that because f is continuous and has compact support it is uniformly
continuous. Hence, for every ¢ > 0, there exists a ¢ > 0 such that for all
x,a), xXa)eRx G

x—x| <e€ da,a)) <€ (6.6)

lmply |.f(Xr (X) _f(X/I a/)| <0
Step 3: for0 <6 <1 and ¢ > 0, define

Fapg = [% el0,1):(p,g €2, 60<q< O] (6.7)
Fgy = U [xeR:|x—r| <ee™'}. (6.8)
reFap+7Z

The latter we can write as

o= J {xeR: @, an, o e}, 6.9)
acZ

where

€ ={(y;,vy) eR*: |y | <€y, 6 <y, <1}
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20 C. Lutsko

Our goal is to write the characteristic function for ;, as a sum over simpler

characteristic functions, which can write as a disjoint union. Thus, let

Ho=|J M@, H@:={weG:(a),a)aed,. (6.10)
acZz

By considering the bijection
Iy \I'= 2, Ty yr 0Dy

we can write

Ho= |J M0,y

yely_\I'

U y’Hél,

yely_\I'

(6.11)

where
Ml =H.((0,1) =H{M,:y e}

. —1
with M, := (V§1 0).

y2
Step 4: Claim: given C C G compact, there exists an ¢; > 0 such that for all € < ¢,

yHINHINTC =0, (6.12)
forally eI'/Ty #1
Proof of Claim. Equation (6.12) is equivalent to
H.(p, Q) NHINTC =0, V(p,q #(0,1)c Z. (6.13)

Consider an « € G such that (p, @) € €. We can write any such « as

-1
a:(l b)(yz 0) (6.14)
01 Vi Y2

forbe Randy, € R.
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Therefore, if we assume for the sake of contradiction that (p,@a € ¢, and

(0, a € €, we have the following four inequalities

v2'p+ (Pb+ @y, | < ey,(pb+ Q) (6.15)
0 <y,(pb+q <1 (6.16)

ly1l < €y, (6.17)

0 <y, <1. (6.18)

Using (6.16) and (6.17) gives that
(b + @yl <e, (6.19)
which, plugging that into (6.15), gives
vy 'pl < 2€. (6.20)
Hence,
Ip| < 2e. (6.21)

Thus, p = 0. Therefore, (0,q) = (0,1)y for some y € I'. However, since I'y, = ((5 1)),

g = 1, which is a contradiction proving the statement. |

Step 5: the claim implies that for C C G compact there is an ¢, > 0 such that for

all € < ¢, such that

H.Nnre= |J HINTO) (6.22)
yel'/Tn_

is a disjoint union. Thus, let x, and Xél denote the characteristic functions of #, and Hé,

respectively, then

Xe@= > xlya (6.23)

yelny_ \TI'
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for all « € I'C. Moreover, all of the sets we consider have boundary of BR-measure 0.
Set % (@) := x.(‘a™!) and note that x (n, (x)®") = g (n_(—x)®~") is the characteristic

function for F; Therefore, we write

fE,n_(x)® Hdx = / fxn_@d Hx (n, (—x)d") dx
Fo/Z T

(6.24)
= /T F&n (=)0 x (n, (-x)®") dx,
to which we can apply Theorem 4.1 giving the following:
1 -
lim e(1 00t / xn_ (X)) dx = —pre (x, @) % (o) AmPR (@) dugy (%),
t—00 ]-'5/Zf |mBMS| r\Gfo ¢ o
(6.25)
which we write this:
1 7 1 BR PS
= TBS| er\Gfo(X'a)Xe (o) dm™ () dpyy, (%),
I (6.26)
=— f(x, o) dmPR (o) duls (x).
|mBMS)| FNf\N,{MY:yeQE}fo N
Step 6:
Using Proposition 3.1, we write (6.26) as (noting that (0, 1)n_ = (0, 1))
2 25r 27 PS PS
= —arer x, n_(w)M,) dy, dy; du™>(w) duy’ (x), (6.27)
ImBMS| Jpyiyee.)xT N v ¥z o
which we can write
-2 / / 1 / Y22 F (x, n_(w)M,) dy, dy; duPS(w) dukS (x). (6.28)
imBMS| Jror Sy JBy,0° - Y i

Next we write D(y,) := (”2;1 YOZ) and note

d(My, D(y,)) = d(n,.(y;"'yy),Id) < e (6.29)
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for y € ¢_ (this is the same calculation as [13, (3.42)]). Therefore, using the uniform

continuity of Step 2:

2 ! 7 26r—2 PS PS
(6.26) — —/ / / &, n_(wW)Dy,))y5,T “dy, dy; du > (w) du (X)‘
‘ |mBMS| |+ J, B(eyz)f Y2))¥Y, Yo 4y, N

4e 1 _
= ‘(6.26)——|mBMS| /T . /9 F&x, n_(wW)D(y,))y" " dy, dufS(w) duks (x)‘ (6.30)
doeluPS12 1 o5
B /er G

Evaluating this integral then gives that (6.30) is equal to

2€Q|MPS|2 28
— (1 —6°°). 6.31
|mBMS|8r ( ) ( )
Now, if we consider the left-hand side of (6.30) and insert (6.25) and finally

r/2

perform a change of variables writing y, = e’/4, we conclude that

lim e(1—%0)¢ / fx,n_xo ) dx
Fo/Z

t—00

2¢ 2|In6| _ 5 ps b
_—|TI’LBMS|/JI‘ T/O fx,n_(w)® Her" drdu (h) duy, (x)

295|MPS|2 28
Step 7: to conclude, consider

. —ort —t
tllgloe r z fr,n_roe™) (6.33)
TE.FQ,(-)

taking the asymptotic formula (1.10) and using a volume estimate together with uniform

continuity (see [13, (3.49)] for details) we can write this as

e(1-r)t ot
= lim lim — > / fx,n_x)®h dx, (6.34)
e>0t>00 et 2e |x—r|<ee~t
reFs,a
which is equal
(1=dr)t
e
= lim lim

/ f&En_(x)oHdx (6.35)
|x—r|<eet

e—~>0t—00 2¢
TE]'—(;,Q
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Then using the disjoint union in (6.22) we can say

e(1=ér)t
= lim lim fx,n_x)® ) dx (6.36)
e—>0t—>o0  2¢ F\L
Q

and using (32) we thus conclude after taking ¢ — 0 (and therefore ¢ — 0) this is equal

1 201 8 PS PS
= W/]IXT/O f&x,n_(w)® e drdu (w) dMN+(X) (6.37)

Taking the limit as 6 — 0 is then possible as

Fa\Faol _

lim sup oot

t—o00

ocy (6.38)

7 Local Statistics

Theorem 4.3 and Theorem 6.1 can also be used to study the local statistics of 7, when
viewed as a point process on [0, 1] (note once more we are assuming for notation that
['* is periodic on [0, 1]).

7.1 Statement

For Q = e'/2, let &/ C R be bounded interval and set <7, = «/e~*. For a bounded D C T,

define

etvol({x e D: |x + o, + ZN Fq| = k})

P,(D, o, k) = (7.1)
O( ) uﬁi('D)egrt
and
ND: o, + 7N =k
Pyo(D, o, k) = Ir € 7q ';SJF t :t Fal =KD (7.2)
MN+('D)9 r
Theorem 7.1. Given an interval & C Rand D C T, then forall k > 0
lim P,(k, D, /) = Pk, &) (7.3)
Q—>o0
Q—o0 !

where P(k, o/) and Py(k, </) are given explicitly.
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200

100

50

-.-.F.l-.l.l‘.-.l.l..l.,.—.-l_uj..-,-.._ —
4x 1077 8x 1077 12x 1077 16x 1077 20 x 1077 24 x 1077

Fig. 3. Above we have shown the gaps in the point set ', The point set is exactly the one shown
in Figure 1. We have cut off the image at 240 (thus, the 1st three bars do not have the same
height) and the bin size here is 4 x 10~8. Hence, the bars represent the number of gaps lying in a
particular bin.

Remark. In particular, (7.4) implies that the limiting gap distribution exists every-

where.

Remark. Note that the above theorem is restricted to k > 0. The reason for this
is that the scaling in P, and P, is incorrect for the case k = 0. For geometrically
finite subgroups, the boundary points cluster close together in far apart cluster. This

phenomenon was noticed by Zhang [25] and again in [11].

To give another qualitative example, we have graphed the gap distribution for

'™ in Figure 3.
7.2 Proof

Proof of Theorem 7.1. Theorem 7.1 is a straightforward consequence of Theorem 4.3

and Theorem 6.1. We begin by addressing (7.3), define
() = {(x,y) e Rx (0,1] : x € oy} C R? (7.5)

and note that

gex+@4 , 0<g=<a (7.6)
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is equivalent to
= (P, Pn, (X’ € (). (7.7)

Therefore, for a given x € D,

(1=6p)t
Py(D, k) = ePS—Fvol({X €D:|Zn, (x)P' N ()| = k}). (7.8)
v, (D)

Applying Theorem 4.3 then implies

Pk, o) = mPE(S,), (7.9)

| mBMS |

where S, = {a e T\G : |Za N ()| = k}.
Turning now to (7.4). Write

{re FoND:|2Zn, (Nd'Ne()| = k|

Puor o = Jim

ety (D)
(7.10)
iy e X5, (M (DY
t—o00 Mﬁi (’D)eal‘ t

Applying Theorem 6.1 (after extending it to characteristic functions as done in [11]) gives

1

Po(ﬂf,k)=m

)Zsk(n_(w)dfr)e‘s”dr dufS(w). (7.11)
Tx[0,00)

Note that the quantity in (7.9) is finite for k > 0. This was proven in [11,
Proposition 4.3]. This does not hold for ¥k = 0 and is the reason for that restriction in
the theorem. The integral on the right-hand side of (7.11) is finite whenever the Burger—
Roblin measure is finite. Hence, the same [11, Proposition 4.3] implies finiteness of (7.11)

as well. [ |

8 Explicit Gap Distribution for T’

We now return to the example, f, discussed in Section 1. First, note that Theorem 7.1
implies that, in the limit T — oo, the gap distribution in (1.13) exists for all s > 0. Our
goal is to prove the following theorem, which gives a far more explicit formula for the

limiting gap distribution:
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Theorem 8.1. For s < s; = 7.5, and 7 a closed interval in [0, 1], the limiting gap

distribution can be written
— = 1,2 2,3
lim Fp7(s) =: Fz(s) = F;“(s) + F77(s), (8.1)
T—o0 !

where F%’z (s) and F%’3 (s) are explicit integrals over compact regions with respect to a

fractal measure (see (8.33)).

The proof follows the methodology of [19]; however, there are significant
differences. The plan is to break up the gap distribution into a sum over pairs of circles
in the initial configuration K. Then, using the following lemma (of Rudnick and Zhang),

we can express each term in this sum as an integral over a compact area.

a b
Lemma 8.2 ([19, Lemma 3.5]). Let M = J € SL(2,R).
c

(i) If ¢ # 0, then under the Mobius transform M, a circle C(x + yi,y) is
mapped to

ax+b yi Yy
2
C(cx+d+(cx+d)2'(cx+d)2) (6-2)

if cx+d # 0, and to the line 3z = 1/2¢?y if cx+d = 0. When ¢ = 0, the image

circle is

ax+b y
C(T'ﬁ)' (8.3)

(i) If ¢ # 0, then the line C = R + yi is mapped to

a 1 . 1
C(—+ ) (8.4)

_l, —
c 2cy '2c%y

and to the line R + a?yi if ¢ = 0.

8.1 Breaking the gap distribution up

In [19], a fundamental observation is that at a given level T, the two circles correspond-
ing to neighboring tangencies can be mapped by exactly one or two group elements to a
pair in the initial configuration. That is not true here; however, the following proposition

states that this is the case in the interval [0, s;).
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} (2 i
b D 2 2
C§21) C:E,zll Ca CéZ) Cé.z)q Cé.zll

R 3 2 2 :
¢ e e e, e

—1,-1%1,-11

Fig. 4. The labeling used in this section. For clarity, we only show a portion of the interval and a
few circles in K. The red section is what we call the rectangle (", 5", c©@, o).

Proposition 8.3. For any T and Z, suppose C and C’ are the circles tangent to C; at XJI., T

and x,. If T(x7 — x),

C' = vyC,, for C; # C,, € K, and neither equal C,. Moreover, if C and C’ are not tangent

7) < s for s < sy then there exists a y € I" such that C = y(; and

then y is unique and if they are tangent then there exist exactly two such y.

Remark. The reason we consider s < s, in Theorem 8.1 is that Proposition 8.3 fails
for larger s. In words, for larger s some of the gaps considered are not the image of a
pair in the initial configuration. To get around this, one could consider a larger initial
configuration (i.e., consider K together with the circles tangent at 1/4 and 4 — 1/4).
This would allow Proposition 8.3 to hold for slightly larger s,. Therefore, as one
considered larger and larger gaps, one would need to consider larger and larger initial
configurations and more and more terms in the decomposition below. In this paper, we

will stick to the case sy = 7.5 as it will simplify the following proofs.

For ease of notation, we restrict our attention to circles tangent to C; in
[0,2] (i.e., beneath C,) and adopt the following notation shown in Figure 4: first label
C, =C% and

e The tangencies are labeled by their continued fraction expansions «
[0; 4k1, A 4ki]'

e The associated circles are labeled C,(cil) e

"

@ —
ki,...ki —

e The diameter of each circle is similarly labeled hgl) ki

Thus, each circle C,(cil) 1. 1s the child of the circle C,(cil___l)k‘ . (to which it is tangent) and the

K

parent of Z_, children - Cl(ciltl.),ki,km (to which it is also tangent).
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Define a rectangle to be any collection of circles

_ (0® @) @i-1)
R = (Ckl,...,ki,l,ki' Ckl,...,ki,l,ki:tl ! Ckl,...,ki,l ! CO) ! (kl # 0)’ (85)

where k; = 1 # 0 (see for example the rectangle in Figure 4). A rectangle is thus a pair
of neighbors in a generation, the shared parent and the real line. Let R, denote the
rectangle (Cy, C;,Cy,C3) of the initial configuration. The following simple observation is

the basis of the proof of Proposition 8.3.

Fact 8.1. For any rectangle R, there exists a unique y € r
R == )/Ro. (8.6)

The configuration K = 'y where K is the initial configuration. Since circle inversions
send circles to circles preserving tangencies, there must be a y € r sending R, to R.

Moreover, the uniqueness follows as we are working in PSL(2, Z).

Proof of Proposition 8.3. In this proof, given two circles with tangencies «; and «,
and diameters h; and h,, we refer to |a; —a,| as the gap associated to them and to
min{h;, hy}~! |oz1 — a2| as the scaled gap associated to them. Note that if a scaled gap is
larger than s;, then the gap will never contribute to fT,I(s) for any T. Thus, that gap can
be ignored. Fact 8.1 implies that Proposition 8.3 follows if we show that all scaled gaps

associated to pairs of circles not in rectangles are larger than s.

Step 1: the scaled gap associated to a pair of non-tangent circles in a rectangle has
the form

: (@) (@) 1| @ (@)
min{hy R e} |k T %kt (8.7)

(again we assume k; =1 # 0).
Step 2: we now use some theory of continued fractions to show that (8.7) is bounded
above 4. Therefore, the gap arising from non-tangent pairs in a rectangle is

bounded above 4. Given a tangency al(cil),..‘,ki =1[0;ay,...q let

b
d—'r‘L =10;a,,...,a,] (8.8)
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for n < i where b,, and d,, share no common factors. It is a classical exercise

to show (see [9]):

b,=aub,_,+b, 5 b_,=0, b,=1 (8.9)
d,=a,d,_+d, d_,=1, d_;=0 (8.10)

and
d,b,_; —d,_1b,=(=D". (8.11)

Hence, we can write the following:
: @ (@) -1 @ @
mln{hkl,.‘.,ki' TR B [ akl,..‘,ki:tl‘
=max{d}, d;}?|[1;a,,...a;] —[1;a,,...a; £ 4]|
ab; y+b; 5, (a;x4b; , +b; 5| (8.12)

= d/, d 2 -
max{ i l} aidi—l + di—2 (ai + 4)di—1 + di—2
4
= max(d}, d;}? ad > 4,

where b; and d; are, respectively, the numerator and denominator of a,(cil) & and b} and
d; are the numerator and denominator of a,(gl) .. k+1 (and similarly for all d; and b;).
Step 3: suppose C7(7?1:~--:mi =D, and cﬁ{fnj = D, are adjacent at time T and do not

both belong to a rectangle. For notation, we assume aﬁ,?lwmi < agf,mnj.

e By construction, there is a shared ancestor of D; and D,, C,(?]fzmk =

B, (for k < min{i,j}). Thatis m, =n, forall1 <x <k

e Atthe k+1-st generation, D, is the descendent of C,,; .. = Bsand
D, is the descendent of C,(lliﬂ)nkﬂ = B, (see Figure 5) and (B,, By, B3, Cy)
must form a rectangle (otherwise, D, and D, are clearly not adjacent
at any times).

e Lastly, it is evident that D; must be the right-most descendent of 5,
of its generation. Thus, |m;| = 1 for all [ > k + 1. Moreover, D, must
be the left-most descendent of 13, in its generation.

Motivated by these three geometric facts, we adopt the following notation
(see Figure 5). In each generation [, we label the left-most descendent of B,
by By_r)- Moreover, we label the right-most descendent of B3 by By;_g); ;-
With that notation, all non-tangent adjacent pairs of circles at a given time
are of the form 5,, B

v+1 [OT some X.
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h3

Fig.5. Above we show the relevant rectangle, circles, and labeling for Step 3. We are only

concerned with the "“innermost circles” in the rectangle. The circles are labeled in decreasing

order of size.

Label the tangency associated to B;, «;. Label the diameter of B;, h;. We as-
sume (w.l.o.g) hy > h, > h,. Label the gap between B; and B; |, g;=let; — ;1.

With this notation, all gaps associated to adjacent (non-tangent) pairs at

time T are of the form g; for i > 2. We show that hi_+119i (the scaled gap)
is larger than 7.5 for all i > 2. This will prove the proposition as all gaps
associated to non-tangent pairs are of this form.

First, assume hy = 1 (this is w.l.o.g by a simple scaling argument). Now we

collect three facts:

o By(810)h, <

1
e By(8.9-(8.11)g;, =g, —hi,

Collecting these facts together lead to the following sequence of inequalities:

h3_192 =z 4

= (1))

hilg, > (4—%—%)32 (8.13)
i = (3396

N
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hence, the gap arising from circles, which do not form the boundary of a
rectangle, is at least 7%.

This proves the proposition with s; = 7% (this may not be sharp). m
Now that we have established this proposition, the argument to prove

Theorem 8.1 follows similar lines to Rudnick and Zhang. Note that Proposition 8.3

implies we can write the gap distribution for s < s, as

Fr 7(s) = Fy5(s) + F23.(s) (8.14)

1 I+1 I+1 1
#{ O XD € Ty 0| TG} — 3 ) < 5]

i

, (8.15)

where o; are the tangencies associated to C; in the initial configuration (the contribution
from the tangent pair (1, 3) has already been counted from the (1, 2) pair because of the

overcounting in Proposition 8.3 for gaps associated with tangent pairs).

8.2 Geometric description of the gap distribution

The Lemma 8.2 and the Proposition 8.4 play a crucial role in what follows. As these
theorems are taken from [19] and are not specific to the subgroup considered, we will
not repeat the details here.

We use Lemma 8.2 to provide conditions under which the image of C; and C;
are adjacent at time T. Indeed, it follows from [19, Proposition 4.6] that there exist two
a b
regions Q;JZ and Q%’S such that, for M = J the image M(ai,ozj) is an adjacent pair at

c
time T if and only if (¢, d) € QlTJ (where (i,j) = (1, 2) or (2, 3)).

We define these two regions as subsets of the cd-plane {(c,d)|c > 0}:

(a) We define QIT'Z to be those {(c, d)|c > 0} such that

, d? < (8.16)

N
N

(4c + |d|)? > g (8.17)
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(b) We define Q%?’ to be those {(c, d)|c > 0} such that

T
d? < , (4c+d)? < 7 (8.18)

T
Ifd(4c + d) < 0 thenc? > 7 (8.19)

Note that QlT] is in both cases a union of convex sets and
Qi = JTQY. (8.20)

Hence, we have the following restatement of [19, Proposition 4.6] restricted to

our context.

Proposition 8.4 ([19, Proposition 4.6]). Fory = (& 7)eT,
(a) the circles y(C;) and y(C;) are neighbors in Ay if and only if (c,,d,) €

VTQ) 2.
(b) the circles y(C,) and y(C;) are neighbors in A if and only if (cy,dy) €
VTR,

The relative gap condition in (8.15) can now be written (again following
[19, (18)-(20)D):

(@ Fori=1andj=2,

T
cld| > —. (8.21)
S
(b) Fori=2andj=3,
4T
|d(4c + d)| > - (8.22)
Thus, we come to the same conclusion as Rudnick and Zhang that
Fi=—aly=( % % er T,(c,.d,) el (8.23)
T,I(S) - W - c d € | Y, J/Ol] S (C'J/I J/) € T (S) .
v Py

for (i,j) = (1,2),(2,3), where Q;:j(s) is defined to be those elements (¢, d) € QLT] satisfying
(8.21) for (1,2) and (8.22) for (2, 3).
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Note that QEFJ (s) are unions of convex, compact sets, and
Qb (s) = VTQY (). (8.24)

8.3 Limiting behaviour

To ease notation and remain consistent with [19], we reparameterize the geodesic

flow
,% 0
A= { 4 Ly > 0] (8.25)

and set
1o,
Api= [ Y 0<y < T] . (8.26)

Note that this is the backwards geodesic flow compared with how we defined it in
Section 2. Hence, we have the corresponding Iwasawa decomposition PSL(2,R) = N_AK
(note that N_ is an expanding horosphere for this flow). In which case, we have
the following theorem concerning counting points in the orbits of general discrete
subgroups, I' (as in the rest of the paper), in bisectors due to Bourgain, Kontorovich,

and Sarnak.

Theorem 8.5 ([5]). Consider bounded Borel subsets 2, C N_ and ©, C K such that
1S (0(2, (X)) = v;(3(Q71(X;))) = 0, then

. #IT NQAFQ,) 1
lim = w
T— 00 Tér 81" . |mBMS|

PS (@, xp))vy(25 1 (X))). (8.27)

This counting theorem then allows us to prove the following:

Proposition 8.6. Let Z be an interval, and let Q@ C {(c,d) | c > 0} be a bounded,
convex, compact subset with piecewise smooth boundary. Moreover, suppose that in

polar coordinates the region 2 is bounded by two piecewise smooth curves r; (0) < r,(0)
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for 6 € [6,,6,]. Then

# o T\
= c
v ¢, d, o

x(y) eI, (c,.d,) e ﬁQ]

~ Tér PS(T(x 02 28r 250 (0)) dv.(0)  (8.28)
31“ |mBMS|M ( ( l)) 0 (rz ( )_rl ( )) Ul( ) .

as T — oo, where dv;(6) = dv;(k(9)X;) and we have written y in N_AK coordinates as
x(y)a(y)k(y).

Proof. The proof follows the same lines as [19, Proposition 5.3]. First, we note that
using the Iwasawa decomposition of y, we have d, = y'/?cos6, ¢, = y'/?sin6.

Therefore, (y!/?

,0) give a polar coordinate decomposition of the plane. The rest of the
argument follows from a Riemann sum approximation, which works equally well when
working with v;.

Split the interval I = [6,,6,] into separate equally spaced intervals {I;}} ;. Take

1 ;» and 6, to be the points in I; where r; is maximized (resp. minimized) and 92“:, nd
6, to be the points at which r, is maximized (resp. minimized). Now define
n
Q, = UIi x [ry (67 ), 79(65)]
et
l (8.29)

n
Q=L x I 057, (0, 1.
i=1

Thus, Q;, € Q € Q) and

i % ey - v
ZJEEOZ/ (5" 030 — 117 01 dvy0)
_ b2 ( 281 281
= [ (FrO-r"®) dyo). .30
01

For the truncated regions Q; and Q;;, the proposition follows readily with the obser-
vation that in (8.27), the fact that the conformal density is evaluated at Q;l simply

means that the bounds of integration would be [-6,, —0,]. However, since our group
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is symmetric, this is equal the integral over [0;,0,]. From, since (28) satisfies finite

additivity, the proposition follows. |

Summarizing: provided s < s; = 7% the gap distribution at time T can be written
Fp7(s) = Fp(s) + F3.(s). (8.31)

Moreover, we can take the limit as T — oo and (8.15) becomes

Fr(s) = F32(s) + F22(s), (8.32)
where, for (i,j) = (1, 2),(2,3),
P = — L BS7x)) / v (ri'j(Q §)2F — (g s)25f) dv;(6) (8.33)
T SF |mBMS| 1 9;’1 (s) 2 ! 1 ! 1 ! °

where r;’j ©,s) and ri’j @,s)

are the curves in polar coordinates

0elol (s),0% (5)] 0eloi? (s),01 (s)]

forming the boundary of Q%/(s).

For convenience, define the constant

_ PS :
= —8ﬁ|mBMS| W (Z(Xp)- (8.34)

8.4 Properties of the limiting gap distribution

Looking first at Qi'z defined by (8.16), (8.17), and (8.21), however since s < s, = 7%, (8.17)
can be ignored. Hence, we have the region (in (¢, d)-coordinates):

Q1%(s) = [0, ¢ d:c> L] . (8.35)

Ll Lo
V2 v2' V2 sld|

This region is symmetric under reflection across the y-axis and since the conformal

density in (8.33) is invariant under this reflection we can consider

12(s) = [0, -1 x [0, =1 [(c, dy:c> L] (8.36)

V2 V2 sld|

instead, and the only difference will be a factor of 2.
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Regarding Qf's(s), from (8.18), we know that Qf'?’ is a subset of the triangle

L gt 0O<c<—_—d (8.37)
- — — <c<——=-—d. .
V2T T2 4?2
Moreover, (8.19) implies that when d < 0, if ¢ > —% then ¢ > \/LE’ thus Q%’S =T, UT,
where
T {(C d)y:c,d>0, c 1 d] (8.38)
= ,d):c,d>0, c< — — .
! 42
T'—[(cd)'c>0 ! <d<0,c< d} (8.39)
2 = ’ . = ’ \/E = = ’ = 4 . .

Now looking at the condition imposed by (8.22), it is straightforward to see that, for

s <8, Qf's (s) does not intersect T,. Hence, for s < s, < 8,

1 d
Q3(s) = [(c,d) €Ty ics - Z]' (8.40)

So far we have established that
F(s) = in(Q°(5)) + 20212 (9)), (8.41)

where, for a general set A = {(rcos6,rsind) : r € [r(0),r5(9)],0 € 167,041},

05

JW(A) = / ) (rg(e)%f - r{l(e)”f) dv;(6). (8.42)
91

Thus, F(s) is explicitly calculated in terms of the fractal measure v;. Unfortu-

nately, this measure is not itself explicit (in that it is defined as the weak limit of a

sequence of measures). However, it does lend itself to simulations (which we will not do

here) and one can calculate certain analytic properties of F, we present three below:
Proposition 8.7. fz(s) = 0 for all s < 2 for any Z. Moreover, all gaps are larger than 2.

This is a form of level repulsion and follows from the definitions of fZ}'z (s) and
Q%’s (s) and (8.41). Indeed, Qi’z(s) is empty for s < 2 and Qf'3 (s) is empty for s < 4.

v; is a fractal measure supported on the limit set. Hence, looking at (8.42), if
neither 0{1 nor 95‘ is in £(I") (the support of v;). Then the derivative of F will be easy to

calculate:
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Proposition 8.8. Suppose S C (2,s,) is a connected subset such that forall s € S, Gf’j(s)
and 6,7(s) ¢ L(T") for (i,j) = (1,2) or (2,3), then

=, CS
P(s) =F(s) = presy (8.43)

where 0 < C5 < co depends on the region S but not on s € S and is explicit.

Proof. Lets; = inf{s € S}, in which case, for s € S, we separate the integral in (8.41)

and write

R 023 (s) 0,%(s)
F(s) = « / (75° 0,715,527 dvy(©) +2« / (6,970,977 ) duyo)
6

#3(s) hr e
07°(s1) 2,3 0128~ 23 28 0y s) 1,2 - 12 -
= I(/23 (7‘2’ (9) 61"—7'2' (9,3) (Sl") dUL(0)+2K/12 (7‘2’ (9)28[*_7«2' (QIS)Z(SF) dvl(e)
91' (s1) 91' (s1)
+R(s,S),

where we have noted that (by (8.36) and (8.40)) r, is independent of s. In fact, since on
S, 0;’] (s) and 05’] (s) are outside L(T"), R(s,S) is 0 (as the measure is supported away from

the range of integration). Hence, taking a derivative:

07%s1) qr23 (g, 5)28 0,%51) drl?(g, 5)2
P(s) = —«k / an"©.9)7 dv;(0) — 2« / an 0,97 dv;(0). (8.44)
6%3(s1) ds 02 (s1) ds

Moreover, for s < sy, we have that

1 1 1 1

1,2 / 2,3

ry'(0,s) = - , 177(00,8) = . 8.45
170:9) VsV cosfsiné 170:5) NG (sin00039+ 00229) (6.45)

Therefore, for s € S,

5

023 (s1) 1 05 (s1) 1 5
P(s) = —— / dv-(9)+2/ (— ) dv,(6)
sortl 023 (s1) (sin@ cos 94_#) L 012(s;) \cosd siné L

(8.46)
[ |

The final analytic property we calculate for F is the following Lipschitz

condition:
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Proposition 8.9. Fis Lipschitz in a neighborhood of s whenever s € [0, 4)
|F(s) ~F(s+x)| < Cx (8.47)
for some constant C; < oo.

Proof. Fis O on [0,2). Moreover, Proposition 8.8 implies the F is differentiable when
both 911'2 and 921'2 are outside L(F). Hence, we only need to worry about when 911'2 (s) or
921'2 (s) is a parabolic fixed point (since parabolic points are dense in the limit set).

For any 2 < s < 4 such that 911'2 (s) or 921’2(3) is a parabolic fixed point:

N R 6y%(s+x) ) )
|F(s) —-F(s+x)|=<C /6 (r;' 6Fr —ry (e,s)zaf) dv;(0)

22(5)

61%(s)
+ / (r;z(e)z‘sf —r}'z(e,s)25f) dv;0)|. (8.48)
%]

12 (s4x)

Plugging in the formula for ré'z and r}'z and using Corollary 3.3 give that the 1st term
on the right-hand side of (48) is less than

63 % (s+) 1/v2\"" 1 r
<C p2r—2 [ L= — do 8.49
=55 /921,2(5) sin® (s+ x) cosfsinf ( )

in the range with which we are concerned we can bound this integral (by adjusting the

constant) by

032 (s+x)
<C, / 02772 dg. (8.50)
0.

12(s)

Evaluating the integral and performing the same analysis on the other term in (48) give

[Bis) — Fis + 0| = €, (63 + 077! = 039271+ € (0] 29277 = 0] 25 + 002771,
(8.51)

Inserting the definition of 921'2 and 911’2 then gives

]f(s) —F(s +x)| <Cq (tan_1 (s+x)%7 "1 _tan~! (s)zsf_l) +C, (cot_l (s)%" 1 _cot™! (s+x)25f—1).
(8.52)
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From here, Taylor expanding gives

T X 28‘1—?71 T 28?—1 C
(z*z) - (z) +

Here, expanding again gives us that F is Lipschitz. |

|F(s) ~F(s+x)|=<C

9 Gauss-Like Measure

As in the previous section, this section is restricted to the example T'. The goal for this

section is to derive and study the measure

PS( ) s
mO(E) = co// o1 W, 9.1)

where E is a Borel set in E(F) N(—2,2) and C, is a normalizing constant. In particular, we
show that this measure is invariant and ergodic for the Gauss map. Then, as a corollary
of this ergodicity, we are able to show that the Gauss-Kuzmin statistics on Q, converge
to an explicit function. It should be noted that the density in (9.1) is a normalized
eigenfunction for the transfer operator associated to the Gauss map. We shall avoid

this zeta functions approach here; however, it is a promising avenue for later research.

9.1 Setup

Series [20], for the modular group, shows that one can encode the endpoints of geodesics
by a “cutting sequence”, which generates the continued fraction expansions of the
endpoints. Moreover, she identifies a cross-section of the unit tangent bundle such that
the return map to this cross-section corresponds to the (classical) Gauss map on the
end point. As an application of this, she shows that the Gauss measure is simply a
projection of the Haar measure onto these end points. Thus, because the Haar measure
is ergodic for the geodesic flow, the Gauss measure is ergodic for the Gauss map. The
goal for this subsection is to construct the analogous measure in our context (for I'). To
do this, we will project the BMS measure in the same way and show that the resulting
measure is ergodic for the Gauss map (for I). In the end, we will only be working with
this measure, however for those interested in the Appendix, we show how to construct
the analogous cutting sequences and cross-section in our context (we omit the formal
proofs concerning the commuting diagrams as we do not use them and the details are

the same as [20]).
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Throughout this section, let (—2,2)* = (-2, 2) \ {0}. Consider the restriction of

Gauss map to the limit set, £(T') = O, (where @, denotes the closure):

T:L(T) — £(T)

(9.2)
[0;a;,ay,...1—~10;a,,...]
and its inverse
T(0;a,,...,a, ) = U 0;k,a;,....a,_] (9.3)
kedZ*

The o-algebra associated to this Gauss map is now the Borel o-algebra on R intersected
with £(T). The goal is now to take the Bowen-Margulis—Sullivan measure and project it
to obtain a measure on (—2, 2). We choose the BMS measure as it is invariant and ergodic
under the geodesic flow. Thus, after projecting, we are left with a measure invariant and
ergodic under the Gauss map. The following lemma gives the parameterization; this was

used in Sullivan’s work [21]; however, we include the proof for completeness.

Lemma 9.1. For u e T!'(H), let z denote the Euclidean midpoint of the geodesic

containing u and ¢ := 8,-(z, u) (thus, t is the arclength from z to u). Then

dm®MS () = duPSwH)duPSwhdt. (9.4)

lut —u~|2r

Remark. Note this lemma is not specific to the subgroup T and holds for any Bowen-

Margulis—Sullivan measure associated to a subgroup considered in this paper.

Proof. First (recalling s from the definition of m®5 (2.6)) note

s = By-Gu
= Bu-0,2)+ B,-(z,w)
= B2+t

= B, Gi+u)+B, (+u, 2+t (9.5)

Now using the definition of the Busemann function, we note that 8, (i + u~, 2) is the

hyperbolic distance (along the vertical geodesic at u~) between the horoball of height 1
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based at u~ and the horoball of height |[u™ — u~|. Thus,
s=t+B, Gi+u)+Infut —u|. (9.6)
Similarly,
Bur(Gw) =—t+ B i+ud)+Infut —u|. (9.7)

Therefore, writing out the definition of the Burger Roblin measure and inserting (9.6)
and (9.7):

mPMS (y) ;= ePrsedrhut (i'”)dvi(u_)dvi(u+)ds

— 1 Sr By~ (@i+u™) - S By + @i+ut) +
= m(e dvy(u™))(e )ydv;(uh))dt ©.8)

1

— mdups(u_)dups(uﬂdt

where in the last line we insert the definition of u*S. [ |

To derive the Gauss-type measure (similarly to [20] for the classical Gauss
measure), we restrict the BMS measure to the u~ coordinate. Integrating over the u™

coordinate in (-2, 2) gives

2 d'uPS(u-i-)
/2 =L (9.9)
Thus, for a set E C (—o0, —2) U (00, 2),
d PS
(]2 0
5 |x —

is a measure. Changing coordinates and using that duf(1/y) = y=#7dufS(y) (this
follows from (2.4) and a calculation using the Busemann function) gives, for any set,
E C(-2,2)*

PS( ) Ps
mE) ‘CO//ZW R o1

where C, is a normalizing constant. In the next section, we show that this is indeed

T-invariant and ergodic.
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9.2 Invariance and ergodicity

Theorem 9.2. On (—2,2)*, mP is T-invariant and ergodic.

Proof. To prove invariance, let E C (—2,2)* and consider the measure of its preimage

d PS
mo(T~ (E))—CO/I(E)/ W20 q,P (),

2 lxy — 1128

Plugging in the definition of T-!(E) and changing variables (dufS(1/y) = y~2tdu®(y))

together with the fact that the Patterson-Sullivan measure is invariant under transla-

B 2 dlLPS(X) Ps
=Co Z /E+4n (/—2 ly — x| 25?) @)
d PS
—Co/ Z/ (y ;‘ f;?'w) duPS(y). (9.12)

nez*

tion by 4n gives

If we now change the x variable to x + 4n, this gives

d PS( )
=Co // - o — | 200 du ().
00,—2)U(2,00) Y — x| “°T

Hence, applying the change of variables x — x~! gives

d PS
=Co // Ixyu l(l 2)(» du(y) = mO(@®).

This new measure is ergodic for the Gauss map because the BMS is ergodic for

the geodesic flow. However, to see this directly, note first that the density

( )_/2 d,uPS(X)
PY= ) xy— 11

is bounded on ﬁ(f). Given a;,...,a, and writing % = [0;a;,...,q;], define the

n 1

cylinder sets

by +pn 1

:0<t<1y. (9.13)
Qn + qp_1t

[llfn(t)

Note that the sets A, N L(T) generate the Borel o-algebra on £(T).
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Now, for any n > 0, for s < t € [0, 1], we have that there exists a y € T such that

T ( ( )) ) i( 720 n)

i)
l)~(J/[0, ‘l})) (9.14)

w5
w10, 5

Therefore, as the above-mentioned density is bounded above and below, for any A C
L(T) N (=2,2)* measurable

émo(A) =m%(T"A)|A,) < cm’A). (9.15)

To conclude, assume A is T-invariant, then tm®A) < mP(A|A,). If mO4) >
0, then %mo(An) < mO(An|A). Therefore, since the cylinders A, generate the Borel o-

algebra of measurable sets, we have that

1 o 0
o™ (B) = mi(BlA)
for all B measurable. Setting B = A° implies that m°(A°) = 0 and m®(A) = 1. Hence, m°

is ergodic. |

9.3 Gauss-Kuzmin statistics

Given a point x = [0;a,,a,,...] € R (q; € N), Gauss considered the following problem
(further studied by Kuzmin in 1928): let ﬁnlk(x) #(k " where #(k, n) is the number of
a; = k with i < n. Does there exist a limting distributlon for Pn'k(x)? Using the ergodicity

of the Gauss measure, it is fairly simple to show that for Lebesgue-almost every x

lim P k(X)len 1+; . (9.16)
n—oo v In(2) k(k+2)

This distribution is now known as Gauss—Kuzmin statistics. For a detailed description
of the original problem and history, see [9, Section 15]. The problem has an analogue in
our setting.

For [0;a,,a,,..] = x € Q_4 N (=2,2), define ’ﬁn'k(x) = @ where #(k,n) is the

number of g; equal k for i < n. For simplicity of notation, we assume k > 0. In that case,
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writing
=
P00 = — > K, 1(T°%) 9.17)
s=0

and applying the Birkhoff ergodic theorem for m® imply the following:

Theorem 9.3. For every positive integer k and uf5-almost every x = [0;a,,...] € @, N
(=2,2)
P,(x) = lim P, Y (. (9.18)
(X)) = m k(X)) =m (m, 7] .

Appendix - Cutting Sequences for T’

Working with T the goal of this section is to show that, given a geodesic with right
end point in (—2,2) N L) (and left end point in (—oo, —2)), there is a correspondence
between the way this geodesic cuts the boundaries of fundamental domains and the
continued fraction expansion of the end point. This section is exactly analogous to the
Bowen-Series coding for geodesics in PSL(2,R)/ PSL(2,Z).

Let £ € (—2,2) N £(T) and let y be any geodesic whose right endpoint is & and
which intersects the line x = —2. As this geodesic moves from left to right, it will cut
each fundamental domain. Each fundamental domain has two funnels and a cusp. Thus,
the geodesic will separate one of the three from the others. If the geodesic separates a
cusp, we write a c. If it separates a funnel, we write an ! or an r depending on whether
the funnel is to the left or right of the geodesic. See Figure 6.

It is easy to see that the 1st term in the sequence will always be r and the next
term will be I/r after that there will be a sequence of c¢s followed by the same I/r. Thus,

we end up with a sequence of the form

E—>71,90,¢%,q0,491,€*, G, 42, €%, q, . .. (A.1)

(the sequence is finite if the geodesic ends in a cusp) where g; = [,r and «; > 0. With

that, it is fairly easy to see that

£ =10; (~1)4(aq + 1), (~1)"4(ay + 1),...] (A.2)
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A

o o

Fig. 6. In this diagram, we show the cutting sequence for three different points &, &3, £3. For &,
first a funnel is cut off to the right of the geodesic, then again a funnel is cut off to the right.
Then a cusp is cut off and then another cusp. Thus, the 1st four terms in the cutting sequence are

r,r,c,cC.

S

Fig. 7. In this diagram, we show a geodesic in the fundamental domain above i, and a point
x € SNy such that the cutting sequence for y changes type at x. This is because the cutting

sequence (pictured in red) with x inserted will read ..., r, 7, x,1, ....

where

0= (A.3)

1 ifg,=r ‘
With that, there is a correspondence between such sequences and geodesics with end
points in (-2, 2).

In order to identify the appropriate cross-section of T!(I'\H), consider the
fundamental domain above i and the line connecting i to oo, call it S. Given a geodesic y
whose left end point is in (—o0, —2) N £(T)) and whose right endpoint is in (-2, 2) N L(T))
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consider a point x € y N'S. We insert x into the cutting sequence of y, at its position in

the sequence of fundamental domains, resulting in a sequence of the form:
r!qOIcaolqOIqIICICICIXICIqll"' (A4)

We say a cutting sequence changes type at x if x lies between a g; and q; ;.

With that, the cross-section C ¢ T!(I'\H) are those points, based at x € S pointed
along geodesics whose cutting sequence changes type at x. In that case, the return map
to this cross-section corresponds to the Gauss map acting on the end point. For a more

formal discussion for the modular group (however, the same details apply here), see [20].
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